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■ Abstract 

CN ■ 

We present the construction of a Chern character in cyclic cohomology, 
involving an arbitrary number of associative algebras in contravariant or 
^ . covariant position. This is a generalization of the bivariant Chern charac- 

fT^ ' ter for bornological algebras introduced in a previous paper , based on 

, Quillen superconnections and heat-kernel regularization. Then we adapt 

' the formalism to the cyclic cohomology of Hopf algebras in the sense of 

' Connes-Moscovici . This yields a Chern character for "equivariant K- 

cycles" over a bornological algebra A, generalizing the Connes-Moscovici 
characteristic maps. In the case of equivariant spectral triples verify- 
-..z ^ ing some additional conditions, we also exhibit secondary characteristic 

,.1^ . classes. The latter are not related to topology but rather define charac- 

teristic maps for the higher algebraic isT-theory of A. In the classical case 
of spin manifolds, we compute and interpret these secondary classes in 
terms of BRS cohomology in Quantum Field Theory. 
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1 Introduction 

In this paper we pursue the construction, initiated in |^ , |3^ , of characteristic 
classes in cyclic cohomology, based on heat-kernel methods generalizing the well- 
known JLO cocycle to situations of arbitrary "variance". Our aim is to 
present the construction of a universal generalized Chern character involving an 
arbitrary number of associative algebras in contravariant or covariant positions. 
This allows in principle to obtain an explicit cocycle representing a multilinear 
transformation between the cyclic homologies of some algebras Ai , . . . , An and 
Bi, . . . ,Bp, 

ch{A) : HC{Ai) X ...X HC{An) ^ HC{Bi)^...(E)HC{Bp) , (1) 

from an abstract geometric datum given by a Quillen superconnection A living 
in a appropriate differential graded convolution algebra [ p8| . This encompasses 
the bivariant Chern character constructed previously in [ |35| , Here HC is a 
generic symbol denoting any interesting kind of cyclic homology (periodic HP, 



1 



entire HE, iroir-periodic HCn, n S N, negative HC~ , n £ Z, etc...) depend- 
ing on the category of algebras and the situation considered. For the sake of 
generality, we will formulate everything in the framework of bornological alge- 
bras ||2^, |2^. The idea of the construction is based on the following remark 
about a "self-dual" property of the cyclic homology of an algebra A. The latter 
can be computed by the cyclic bicomplex of Connes |2^. Upon an obser- 
vation of Quillen the cyclic bicomplex is isomorphic to the X-complex of 
the differential graded bar coalgebra of A. The second possibility comes from 
the Cuntz-Quillen formalism |l^, |l^, Here the cyclic homology is com- 
puted by the X-complex of the tensor algebra of A. Since the definitions of 
the X-complexes for coalgebras and algebras are dual to each other, we obtain 
the map (|l|) by a straightforward generalization of Quillen's constructions using 
connections and curvatures ^ . The rule is that for the algebras Ai in con- 
travariant position, we describe their cyclic homology via the X-complex of the 
bar coalgebras B^{Ai), whereas for the algebras Bj in covariant position, we use 
the X-complex of their tensor algebras TBj. A generic Quillen superconnec- 
tion A is given by an odd element of the differential graded convolution algebra 
Uom(Bt{Ai)<§) . . .(§B^{An),TBi<§) . . .(§)TBp). We obtain roughly the Chern 
character ch(^) by exponentiating the curvature of A. When the supercon- 
nection contains a Dirac operator (this appears for example in the unbounded 
description of bivariant if-theory [^), the corresponding Chern character in- 
cludes naturally a "heat-kernel" used as a regulator of traces. One thus extends 
the usual index formulas ^, ^ to a very general non-commutative frame- 
work. 

In practice the explicit computation of ch{A) becomes rapidly cumbersome when 
the number of algebras Ai and Bj increases. Since the most interesting exam- 
ples certainly arise in the bivariant case, i.e. one contravariant algebra A and 
one covariant algebra B, we will actually restrict our attention to this situation. 
However we formulate everything in such a way that the generalization to 
becomes clear. It is also extremely important to note that by dualizing the 
formulas in the obvious fashion, one gets a generalized Chern character involv- 
ing cyclic (co)homology for coalgebras. Furthermore, incorporating the notion 



of invariance leads to the cyclic homology of Hopf algebras 1 11 , hsl . One thus 
gets stirking generalizations of characteristic maps for Hopf actions in the sense 
of Connes-Moscovici [|o[ With a little addition of analysis, we will also 
exhibit secondary characteristic classes for equivariant spectral triples related 



to BRS cohomology appearing in Quantum Field Theory |]19|, 28 . The point 
is that all these constructions, ranging from the bivariant Chern character to 
BRS cohomology, are specific examples of the universal construction (|l|); the 
relevant information is simply encoded in the connection A. We hope this will 
be apparent in the subsequent pages. 

Let us briefly outline the paper. Section ^ is devoted to the explanation 
of the recursive method abutting to the generalized Chern character. We re- 
call Quillen's definition of the X-complex for differential graded (DG) algebras 
and coalgebras and the cocycle associated to a connection. Using some 



ideas of Cuntz-Quillen |17 concerning free products of algebras, we generalize 
this construction to an arbitrary number of DG algebras TZi, . . . ,TZp: given a 
connection A in the DG algebra tensor product Tii(S> . . .%)Tlp (i.e. an odd ele- 
ment), we associate a cocycle c\\{A) g XiJZi)® . . . ^X{TZp), by exponentiating 
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the curvature of A. By dualising all structure maps, we also incorporate DG 
coalgebras Ci, . . . ,C„. A connection A is now an odd element of the DG con- 
volution algebra Hom(Ci(8) . . . ^Cn, TZi^ . . . ^TZp), and its Chern character is a 
CO cycle 

ch(^) e Hom(X(Ci)(8) . . . ^X{Cn),X{ni)(g> . . . (^X(7^p)) . (2) 

We explicitly compute ch(A) in terms of its curvature in the "bivariant" cases 
X(7^l)®X(7^2), Hom(X(C),X(7^)) and Hom(X(Ci)®X(C2), C). The three ex- 
pressions are (up to signs) formally identical. This construction is performed 
in a bornological language which will become crucial in the subsequent applica- 
tions. 

In section ^ we deal with bivariant cyclic cohomology. If ^ is a complete 
bornological algebra, its bar coalgebra is completed into the entire bar coalgebra 
B^{A) and its tensor algebra is also completed into the analytic tensor 

algebra TA |2^. Then the entire cyclic homology of A is computed either by 
X{B^{A)) or X{TA). If B is another complete bornological algebra, the com- 
plex of bounded linear maps \ioTti{X {B e{A)) ^ X {T B)) computes the bivariant 
entire cyclic cohomology HEf,{A,B). We introduce the set 'if{A,B) as an alge- 
braic version of Kasparov's bivariant if-theory . We consider the unitalization 
B of B for technical reasons. A bivariant element £ G ^{A,B) corresponds to a 
quintuple {C, £^ ,t, p, D), where £ is a Z2-graded auxiliary algebra of "abstract 
pseudodifferential operators" or symbols. £^ is a two-sided ideal in £ provided 
with a graded trace of homogeneous degree t : £^ ^ C p : A C®B is 
an homomorphism and D e C^B is an odd element ("Dirac operator") whose 
laplacian has a "trace-class" heat kernel. Using the universal construction of 
section 1^, we form the Quillen superconnection A = p+D m the DG convolution 
algebra Y{oT[i{B^{A), C®TB). Then under suitable 0-sumniability asumptions 
on the cocycle Tch(j4) defines the bivariant Chern character 

ch{£) e HEi{A,B) , i = degree of r . (3) 

It is homotopy invariant with respect to the homomorphism p and the Dirac 
operator D. The exponential of the curvature of A naturally includes the heat 
kernel of with its tracial properties. This is essentially equivalent to the 
construction presented in |^ for unbounded families of spectral triples. 

Section ^ incorporates Hopf algebras. We let 7i be a Hopf algebra pro- 
vided with a character (algebra homomorphism) 5 : H ^ C The convolution 
product of 6 with the antipode of Ti. defines the twisted antipode Ss- Connes 
and Moscovici develop in [|o[ |l^ a cyclic cohomology theory for Ti. when the 
twisted antipode verifies the involution condition Sg = id. This cohomology is 
interpreted by Crainic |]l3j as the cohomology of the cyclic bicomplex for the 
coalgebra 7i, quotiented by the subspace spanned by coinvariant elements. This 
adapts immediately to the setting of our generalized Chern character by formal 
manipulations. All what we have to do is to check the invariance of the cyclic 
cocyles with respect to Hopf actions. For any complete bornological algebra A, 
we introduce the set '3/ {A, C) of H-equivariant if-cycles over A. They corre- 
spond to quintuples £ = {C,(.^ ,t, p,D), where the auxiliary algebra L and the 
two-sided ideal are endowed with an 7i-action. r : €^ ^ C is a J-invariant 
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graded trace, that is, t(/i(x)) = (5(/i)r(x) for any h £ H, x £ £^ . p : A ^ Cis an 
homomorphism and D € C is an odd element with trace-class heat kernel. We 
introduce a Quillen superconnection A in a suitable convolution algebra. A en- 
codes simultaneously p, D, and the action of Ji on them. Upon 0-summability 
for f , the universal Chern character of section ^ yields a characteristic map 

ch(f ) : HE,{A) HP^^^iH) , i = degree of r , (4) 

with target the periodic cyclic homology of H in the sense of Connes-Moscovici. 
Again, it is homotopy invariant with respect to p and D and naturally includes 
the heat kernel of D^. In the purely algebraic situation D = 0, one recovers the 
construction of jl^ as a particular case. 

Section |^ is more analytical in nature. We consider the situation of the pre- 
ceding section, with the additional hypothesis that all algebras are represented 
as linear operators on a Hilbert space. This allows to exhibit much finer in- 
variants, a priori not related to topology. Let A he a complete bornological 
algebra and Ti. a Hopf algebra. For any integer p, we introduce the set of 
summable 7i-equivariant spectral triples (A, C) . They are given by triples 
£ — {A,Sj,D) in Connes' sense of non-commutative geometry is a sep- 

arable Hilbert space on which the algebra A acts by bounded operators, D is 
a self-adjoint unbounded operator with compact resolvent satisfying certain fi- 
nite summability assumptions, and the commutators [D, a] are bounded for any 
a E A. Moreover, the Hopf algebra is also linearly represented as (not necessar- 
ily bounded) operators on ij, and "almost commutes" with the other data of the 
spectral triple in the sense that the adjoint action of Ti. induces bounded pertur- 
bations of D, and [h, a] = = [h, [D, a]] for any h E H, a E A. If the antipode 
of Ti. is involutive, then we can define the periodic cyclic homology HP^{T-L) 
associated with the trivial character given by the counit e of 7Y. Unfortunately, 
since Ti. acts on the algebra of operators by the adjoint representation, the as- 
sociated characteristic map c\v{£) : HE^,{A) HP^{Ti) retracts on the trivial 
factor C C HP^{H) and does not detect any interesting class associated to the 
Hopf action. But this vanishing property makes way for secondary characteris- 
tic classes. The p+-summable element £ yields a collection of maps defined on 
the non-periodic cyclic homology of A 

^P{£) : HCn{A) -> HC'„^+p{n) , Vn > , (5) 

where HC^'^p{Ti) denotes a cyclic homology of the Hopf algebra Ti associated to 
the vertical filtration of its cyclic bicomplex. The good property of these char- 
acteristic maps is their homotopy invariance with respect to the Dirac operator 
D. However, they are not homotopy invariant with respect to the representation 
of A in the Hilbert space ^. If ^ is a unital Banach or Frechet algebra, we may 
adopt the (non-standard) notation K^^{A) for the kernel of the natural homo- 
morphism Kn{A) K^°^{A) from the higher algebraic if-theory to the 
topological iiT-theory of A. Then the characteristic classes (|^) induce a bilinear 
pairing 

<8i(^)xE«(AC)^i/C,^;+,(H), Vn>0, (6) 

defined at the level of homotopy classes of p+-summable Dirac operators. These 
pairings do not detect topological invariants of A (the topological i^T-theory is 
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dropped), but rather geometric invariants contained in algebraic if-theory. It 
should be noted that these secondary classes do not correspond to the higher 
regulators introduced by Connes-Karoubi in Q . 

In section ^, we illustrate the nature of these secondary characteristic classes 
by an explicit computation in classical (commutative) geometry. If ^ = C°° (M) 
is the Frechet algebra of smooth functions over a compact riemannian spin man- 
ifold M, and £^ ^ M an hermitian vector bundle over M, we may form the 
ordinary Dirac spectral triple £ = {A,S],D) with coefficients in E: Sj is the 
Hilbert space of square-integrable sections of the spinor bundle tensored with 
E, the algebra of functions A acts by pointwise multiplication and D is the 
usual Dirac operator obtained from the metric on AI and a choice of Yang-Mills 
connection on E. The gauge group G of unitary endomorphisms of E is repre- 
sented in i3, hence also the enveloping algebra H — U(LieG) of its complexified 
Lie algebra. 7i is a cocommutative Hopf algebra, and £ defines an element of 
E^(^, C), where p is the dimension of the manifold. Then we compute and 
interpret the secondary characteristic classes (||) in terms of BRS cohomology 
p9| , [2^ . These are invariants associated to the 7i-equivariant Dirac operator 
in the sense that they do not depend on the metric on M nor on the Yang- 
Mills connection. They are local on M in the sense that they are independent of 
global issues such as the topological if -theory of A, but are detected by the finer 
geometric objects K^^^{A) = Kei{KniA) K^„°p{A)). It follows that higher 
algebraic if-theory detects the local BRS cohomology class of the (consistent) 
chiral anomaly and Schwinger term of Quantum Field Theory psf , which is a 
priori not related to the topological anomaly of p3| , |3^ . This interpretation 
should hold in the case of non-commutative Yang-Mills theories as well. 

By convention, we work in the formulation of cyclic (co)homology for non- 
unital algebras. This may appear quite inadapted to the description of cyclic 
cohomology for Hopf algebras (we will be forced to consider a Hopf algebra as 
an augmented algebra), but in general it is not possible to stay in the unital 
category. For example in the case of bivariant if-theory, the homomorphism 
p : A C®B cannot be unital in general. Also, the isomorphism between the 
X-complex of the bar coalgebra and the cyclic bicomplex of non-commutative 
differential forms only holds in the non-unital setting, whereas it is only a quasi- 
isomorphism in the unital case. This motivates our choice. 



2 Generalized Chern character 

The aim of this section is to explain the basic material used throughout the 
paper. We recall Quillcn's definition of the X-complex of a differential graded 
(DG) algebra TZ ^ and the construction of the Chern character cocycle 
associated to a connection form A ^TZ: 

ch(yl) e X(7^) . (7) 

Roughly, this cocycle is obtained by exponentiating the curvature of A. Here 
X{TV) denotes the X-complex of TZ augmented by adjoining a unit to TZ. We 
should also mention that our sign conventions differ slightly from Q . Then 



5 



we present a recursive method allowing to generalize the Chern character con- 
struction to an arbitrary number of DG algebras. If is a connection form in 
a tensor product of augmented DG algebras TZi§) . . . ^TZn, we get a cocycle in 
the corresponding tensor product of X-complexes 

ch(^) e x(7^l)(8)...0X(7^„) . (8) 

In particular for two algebras TZi and TZ2, we compute explicitly the cocycle 
ch(^) in terms of A and its curvature. Passing to (counital) DG coalgebras by 
formally dualising all structure maps, we also obtain hybrid cocycles in Hom- 
complexes involving coalgebras in contravariant position and algebras in covari- 
ant position. The fundamental example which will be used for the construction 
of the bivariant Chern character (section ^) is based on the following general sit- 
uation. Let C be a DG coalgebra and TZ a DG algebra. Then to any connection 
form A in the DG convolution algebra IIom(C,7?.), we associate a cocycle 

ch{A) e Hom(X(C),X(7^)) . (9) 

Another related example uses two DG coalgebras Ci and C2- Then any connec- 
tion form A E Hom(Ci(i)C2, C) implies a cocycle 

ch{A) e Hom(X(Ci)®X(C2),C) . (10) 

The characteristic maps of Hopf algebras (section ^ and ||) will be based on the 
latter cocycle. 

Concerning the specific applications of these universal constructions, especially 
for the bivariant Chern character (section we cannot deal with purely al- 
gebraic objects and the spaces or algebras must posses some extra structure 
related to analysis. It turns out that the correct setting where our construc- 
tions make sense is the category of bornological vector space s [p3[ . This is 
also the most general framework for entire cyclic cohomology |p9{. We recall 
that a (convex) homology on a vector space is given by a collection of subsets 
satisfying certain axioms inspired by the behaviour of the bounded sets of a 
normed space. Thus an element of the homology is called a bounded or small 
subset. There is a notion of bornological completion, completed tensor prod- 
ucts (denoted (g)), bounded hnear maps between bornological spaces (denoted 
Hom(-,-)), etc... This material has already been used extensively in our pre- 
vious papers on the bivariant Chern character so that these notions 
will not be recalled here. The interested reader is referred to the fundational 
works of Hogbe-Nlend and the thesis of Meyer for further details. A 
concrete example of complete bornological space is given by a complete locally 
convex space with homology consisting in all bounded subsets with respect to 
the family of seminorms defining the topology. In the case of Frechet spaces, 
completed (bornological) tensor products correspond to ordinary projective ten- 
sor products, and bounded maps correspond to continuous maps. A complete 
bornological algebra TZ is complete as a vector space and such that the product 
is a bilinear bounded map TZ x TZ ^ TZ. 

Let TZ be an associative Z2-graded complete bornological algebra. We sup- 
pose that TZ is endowed with a bounded differential S : TZ ^ TZ oi odd degree, 
that is, 

5(xy) =J(x)y + (-)l-lx%) yx,yeTZ, 6^=0, (11) 
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where \x\ =0,1 denotes the degree of x. Thus {TZ,S) is a differential graded 
(DG) bornological algebra. The space of universal one-forms over TZ is the 
completed tensor product _ 

Q^n = n^n , (12) 

where 7?. = C ® 7?, is the unitalization of TZ. We denote by 1 the unit of TZ 
considered as an element of degree zero (which differs from the unit oi TZ, if it 
exists), and extend the derivation (5 to 7?. by setting 61 — 0. This implies that 
{TZ, 6) is a unital DG bornological algebra. For x G TZ and y G TZ, the element 
X (E) y E il^TZ will be denoted as usual by the one-form xdy. We endow fl^TZ 
with the unique Z2-graduation such that the degree of xdy reads 

\xdy\ = \x\ + {\y\ + l) . (13) 

il^TZ is naturally a bornological 7^-bimodule: the left multiplication TZ®^^TZ 
Q^TZ given by z- {xdy) = {zx) dy is bounded as well as the right multiplication 
Cl^TZ(§TZ — > Cl^TZ coming from the leibniz rule 

(x dy) ■ z = X d{yz) — {—y^^xy dz . (14) 

Then extend 6 as an odd degree derivation of fl^TZ viewed as an 7t-bimodule, 
by setting 

5{xdy) = {5x) dy + (-) 1^1+^5 d((5?/) . (15) 

Note that the symbol d always appears to have degree 1. With these sign 
conventions, the universal derivation 

d-.n^ Q}TZ , x^ dx , dl = (16) 

anticommutes with the derivation 6 acting respectively on TZ and Cl^TZ. One 
defines also the Hochschild operator with appropriate signs 

b:Q}TZ^TZ, xdy ^ {-)\^\[x,y] , (17) 

so that b is an odd degree bounded map anticommuting with 5. Here the 
commutator [x, y] =xy— (— )l^ll^lt/x is graded. Let now fl^TZi^ be the quotient 

n^TZn = n^TZ/[TZ,n^TZ] (is) 

by the subspace of graded commutators, using the bimodule structure of uni- 
versal one-forms. Then fl^TZ\f inherits the grading of fl^TZ and the bounded 
map S of odd degree. We denote by [\ the projection il^TZ ^^TZ\f, and \\xdy 
is the class of xdy. Since the Hochschild operator vanishes on the subspace of 
graded commutators [TZ, Q^TZ], it passes to a bounded map of odd degree on the 
quotient: 

b : n^TZ^^ ^ TZ , [^x dy ^ {-^""^ [x , y] . (19) 

Of course b anticommutes with 6. One checks easily that the compositions of 
maps \\dob : 0^7?.(, — > Cl^TZi^ and 6 o t] d : 7?. — > 7?. vanish. Therefore, we get a 
periodic complex 

X{TZ) : TZ n^TZ^^ , (20) 

6 
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where TZ. and Vl^TZ'c^ are themselves complexes for the boundary map 5. The 
above X-complex of the DG algebra TZ is thus actually a bicomplcx. In the 
following, we will also use the augmented X-complex 



x[n) : n --^ f^^Tei, , (21) 

b 

which obviously splits into the direct sum of X{TZ) and X{C) : C<=^0. 

We now recall Quillen's construction of cocycles in the total complex 
X{TZ) endowed with the boundary {\\ dOb) + S. These cocycles are analogues of 
the Chern character form in differential geometry: one chooses a "connection" 
A E TZ- in the odd part of the differential algebra R, with curvature 

F^SA + A^ e 7^+ . (22) 

Then the Chern character is basically obtained by exponentiating F through 
the formal power series 

(23) 

1=0 

In fact we don't want to deal with formal power series, and in the sequel we 
will eventually assume that the exponential actually converges with respect to 
an appropriate topology (see remark |2.3| below) . One has the following result 
of Quillen: 

Proposition 2.1 (p9[]) Let {R,6) be a complete bornological DG algebra, and 
A e TZ^ a connection form. Then the Chern character ch{A) € X{TZ) whose 
components are defined by 

ch°{A) = e-^ en , ch\A)^-i\e-^dAen^TZii , (24) 

is a cocycle in the total complex {X{TZ), {\]d(B b) + d), that is, 

Sch^{A)+bch\A) = , Sch\A) + i\dch°{A) = Q . (25) 

Proof: It is a direct consequence of the Bianchi identity SF + [A, F] = 0. One 
has 

(5e--^ = [e-^,A] ^b\\e-^dA 
because e~^ has even degree. On the other hand 

6\\e-''dA = \][e-^,A]dA-\]e-'' dSA 

= \\[e-^,A]dA + \\e-''d{A')-\\e-''dF 
= ~^e-^dF = ^d(e-^) , 

and the conclusion follows. ■ 

We now discuss the homotopy invariance of the Chern character. Let C°° [0, 1] 
be the commutative algebra of smooth complex- valued functions over the inter- 
val [0,1]. It is a commutative Frechet algebra, hence a complete bornological 
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algebra for the bornology given by bounded sets. The completed tensor prod- 
uct TZ^C°°[0, 1] is the algebra of smooth functions over [0, 1] with values in TZ. 
The evaluation map evt : C°° [0, 1] ^ C which sends a function / to its value at 
t E [0, 1] is bounded, hence extends to an evaluation map evt : TZ®C°" [0, 1] TZ. 



Proposition 2.2 Let A E TZ^^C°°[0,1] be a smooth family of connections 
forms in TZ. For any t E [0,1], let At ~ evfA E TZ- be the evaluation of 
A at t. Then the cohomology class of the Chern character ch(Af) E X{TZ) is 
independent oft. 

Proof: Let r2[0,l] be the graded commutative Frechet algebra of differential 
forms over the interval [0, 1] parametrized by t. It is endowed with the de Rham 
differential dt. We slightly generalize proposition 2A with X{TZ) replaced by 
the (graded) tensor product of complexes X{TZ)®U\{), 1] with total differential 
(tl d 5) + (5 + dj. The family of connections A is an element of {TZ®Q.[0^ 
and its curvature F reads 

F^{5 + dt)A + A^ E {TZ®n[Q,l])+ . 



Then adapting the proof of proposition 2.1 to the total complex X{TZ)®^[Q, 1], 
one has with ch°(A) = e-^ and ch^(A) = -'^e-^ dA E Q}TZ^®n[0,l]: 

{5 + dt)c\v°{A)+bch^{A)^Q , ((5 + dt)ch\^) + t]dch°(A) =0 . (26) 

Here we used the fact that fi[0, 1] is a graded commutative differential algebra. 
We define x{A) and cs{A) as the projections of ch(A) onto X(7?.)(g)C°°[0, 1] and 
X(7^)(g)^7l[0, 1] respectively: 

cs°{A)=e ^iT^^nifoa] > cs^(^) -tje ^ '^A\^i-j^^^i^f^^^ . 

Then equations (|2^) imply 

dtx\A) = ~(bcs\A) ^ 5cs\A)) , dtx\A) = -{^Acs\A) + 5cs\A)) . 

Upon integration over t, this shows that the evaluations ch(At) = evtx(^) for 
different values of t differ by a coboundary. ■ 



Remark 2.3 Taking At = tA for t E [0, 1] and A E TZ- shows that the 
cocycle ch(A) E X{TZ) retracts onto the unit 1 e 7?. in the sense of formal 
power series. This does not need to be true if we impose that e~^ actually 
converges towards an element of TZ with respect to an appropriate topology, 
because the transgressions cs appearing in the proof of the proposition above 
may not converge for arbitrary values of t. This property will ensure that the 
subsequent cocycles (for example the bivariant Chern character of section H) are 
not trivial in general. 

We now generahze Quillen's construction to a pair of DG algebras (7?.i, i5i) 
and (7^.2, 52)- We shall obtain a cocycle in the tensor product of total complexes 
X{TZi)®X{TZ2) from a connection form A E {TZi®TZ2)- and its curvature 

F ^{5i+52)A + A^ E{TZi®TZ2)+ . (27) 
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For this we adapt some ideas from and work with the free product TZi*TZ2. 
Recall that the free product is the non-unital associative algebra generated by 
TZi and TZ2- We can write 

7^l*7^2 = 7^l©7^2®(7^l(g)7^2)®(7^2®7^l)®(7^l(g)7^2(g)7^l)®(7^2®7^l®7^2)®. . . , 

, (28) 

where only alternate tensor products of TZi and TZ2 appear. TZi * TZ2 is en- 
dowed with the direct sum homology, and the product is such that whenever 
two elements of TZi meet, we take the multiplication in TZi instead of the ten- 
sor product, and similarly for the elements of 7?.2. The free product naturally 
inherits from TZi and TZ2 a Z2-grading (take the sum of all degrees in a tensor 
product TZi^Tl2^ ■ ■ ■) , as well as two anticommuting differentials Si and 62- 
Thus TZi * Tl2 endowed with the total differential ^ = -I- ^2 is a DG algebra, 
provided we take care of the signs. For example, if we denote by * the product 
in TZi * TZ2, one has 

S{xi*X2*yi) = (5i(a;i)*x2*yi + (-)l'''lxi*(52(a;2)*yi + (-)'''''+'''''a;i*a;2*^i(2/i) , 

(29) 

for any xi,yi € TZi and X2 G 1^2 ■ Note that there are two canonical inclusions 
Li : TZi ^ TZi * TZ2 and L2 : TZ2 ^ TZi * TZ2 which are bounded DG algebra ho- 
momorphisms. The free product enjoys the following universal property: given 
two DG algebra homomorphisms a : TZi — > S and (3 : Tl2 S with target a DG 
algebra S, then there is a unique DG algebra homomorphism a*/? : TZi *TZ2 — > S 
such that a — (a * (3) o Li and (3 — {a * 13) o 12- 

We shall use the universal property of 7?, = TZi * TZ2 with respect to the unital 
DG algebra S = TZi®lZ2- Indeed, there are two canonical injections a : T^i — > 5 
and 13 : TZ2 ^ S given by 

a(xi)=xi(K)l Va;i e 7^l , l3{x2)^l<»X2 Vx2 G 7^2 . (30) 

We denote by /i the folding map a * f3 : TZ ^ S, and extend it to a unital DG 
homomorphism over TZ by setting ~ I5. For example (note the sign) 

^(a;i *X2 *yi * 2/2) = (-)''^^"^''a;i2/i 0X22/2 Vxi, yi G 7?.i , a;2, 2/2 e 7?.2 ■ (31) 

Consider now the Z2-graded tensor product il^TZi(E)fl^TZ2. It is endowed with 
the action of the total differential S ~ Si + 62. Since ^l^TZi and n^TZ2 are 
bimodules respectively over TZi and TZ2 , the tensor product itself has a structure 
of 5-bimodule compatible with the action of 5, provided we insert signs whenever 
elements of ft^TZi and TZ2 (or n^TZ2 and TZi) cross over. We want to build a 
bounded map 

(t>:n^ 9}'Ri®n^'R2 , (32) 
commuting with 5, and verifying the following property: 

^{x * Y) = c^{x)^i{Y) + /i(x)0(y) + (-)i^i d2^l{x) dl^l{Y) (33) 

for any X,Y E TZ, where di : 5 — > fl^TZi^TZ2 is the universal differential for TZi, 
and d2 . S ^ TZiiS^il^TZ2 is the universal differential for TZ2. By definition, TZ is 
linearly generated by the unit 1 and arbitrary products of elements of TZi and 
TZ2, subject to the rules xi * yi — xiyi for any xi,yi G TZi, and X2 * y2 — X2y2 
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for any X2,y2 G 7?.2- Therefore, once we know the value of </) on 1, TZi and 7?,2, 
equation (|3^) impUes its values on TZ inductively. We try the following: 

0(1) = , 0(xi) =0 yxieUi , (f>{x2) = Vx2 e 7^2 . (34) 

Then ( p3| ) yields, in degree two, 

(b{xi^X2) = (-)l"ild2M(a;i)diAi(x2) =0 , (35) 
0(a;2*xi) = (-)l-^ld2Ma^2)di/.(xi) = (-)l-^ld2a;2dixi 

for any xi S 7?.i and X2 G Tl2, because ^jl{xi) = xi(^l and ^i{x2) ~ X2- One 
proceeds similarly for the products of three elements, and so on... It is easy 
to check that this process is compatible with the relations xi * yi = xiyi and 
X2 * y2 = X2y2, hence (f> is well-defined on TZ. Moreover, it obviously commutes 
with S. 

We are now ready to introduce a chain map of total complexes X{TZ) 
X{TZi)^X{TZ2), where X{TZ), X{TZi) and X{TZ2) are respectively endowed with 
the boundaries (t] d ® 5) + (5, ([] di hi) + 5i and (tj d2 62) + 52- We let tji, ^2 
and l]i2 denote the projections 

til : ^7l7^l®'^2 ^^^7^n®:^2 , t]2 : ni®n^n2 111^^^712^ 
\x2 ■■ n^nim^n2 ^7^7^l^®^]^7^2^ ■ (36) 



Proposition 2.4 Let {TZi,6i) and (7?.2,(52) &e complete bornological DG alge- 
braSj^and TZ == TZi * TZj the free product DG algebra. The bounded linear map 
* : X{n) X(7^l)«)X(7^2) given by 



^{x) = ^i{x) + \\l2(f>{x) e 7^l®7^2 ® n^n^m^n2i, , (37) 

e ^^^7^lh®:^2 



^i\\XdY) = (-)i^i(i^i+i)^idiM(r)Ai(x) 

+ (-)l''l62^12M^)0(>^) ^ 

+M^)d2Mn \ ^ ^AoiTp ,oo^ 

+ (-)l^l6l^l2M^)0(V') J 2^ V ; 

is well-defined for any X £ TZ and Y (z TZ. It is a morphism of even degree from 
the total complex X{TZ) to the tensor product of total complexes X {TZi)i^ X {TZ2) . 

Proof: For notational simplicity, we will check the statement only when the 
elements X, Y have even degree. The general case is exactly analogous, provided 
one takes care of the signs occuring when odd elements are permuted. 
Thus let X G TZ and Y G TZ, both of even degree. We first show that ^ is 
well-defined on the quotient fl^TZi^, i.e. it vanishes on the commutator subspace 
[TZ,n^TZ]. In other words, X dY and dYX = d{YX) - Y dX must have the 
same image under ^f. Set fi{X) = x, ii{Y) = y. One has 

* ^(d(rX) -YdX) = ^1 diiyx) + \]2 d2{yx) + (&i + 62)^i20(FX) 
-tji(dix)y- \]2yd2X- {bi + b2)\]i2y<j}{Y) 
= 111 di(ya;) + \\2 d2{yx) + (h + 62)tli2(</'(i')a; + ypiX) + d2ydix) 
-tli(dix)y - \\2yd2x - (bi + b2)\\i2y4>{x) 
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But {bi + b2)\\i2{d2ydix) = 



-\\2[d2y,x] + ]]i[dix,y], so that 



^\\{d{YX)-YdX) = \\i{diy)x + \\iydix + \^2{d2y)x + hyd2X 

-\]2[d2y,x] + \\i[dix,y] + {h +b2)[\i2(f>{Y)x 

-\\i{dix)y - \\2yd2x 
= \]i{diy)x + \\2X d2y + (61 + b2)\ii2X(j){Y) 

= *(iixdr) . 

We used the fact that \\i2 is a trace on the 7?.i(Xi7?.2-bimodule il^TZi(E)^^Tl2, but 
we were not aUowed to set — t]2[d2y, x] + \]i[dix, y] equal to zero because [\2 and 
tji are not traces. Thus ^ is weh-defined. 

Let us now show that 5* is a morphism of total complexes. In fact it is a 
morphism of bicomplexes. First, the differential 6 on X(TZ) corresponds to the 
sum of differentials Si + 82 on XiTZ\)^XiJZ2): 

{5i + (52)* = • 

This follows easily from the fact that /U is a DG algebra homomorphism and 
commutes with 5. ^econd, we denote collectively by d the X-complex differen- 
tials (^d©6) onX(7^) and (^1 di © 61) + (b ^2 8 62) on X{ni)®X{n2). We 
want to show = ^d. For X gTZ and x = n{X), one has 

^{dX) = *(^dX) = ^idia;+^2d2a;+(6i+62)^i2</'(X) = d{x+\\i2'i>{X)) = d^{X) . 
For X gTZ and Y gTZ of even degree, one has 

vi/a(^xdr) = vi/([x,r]) = [x,y] + ^i2<P{[x,Y]) 

= [x,y] + \]i2i(f>{X)y + x(p{Y)+ d2xdiy-(t){Y)x-y(t){X)- daj/dix) 
= [a;,y] + t|i2(d2a;diy- d2ydia;) 

because ^12 is a trace. On the other hand, 

d^{\iXdY) = dMdiy)x + \]2xd2y + ih + b2)\]i2X^{Y)) 

= 6i(lli(dij/)x) + tl2d2(tli(dii;)x) +62(tl2a;d2y) + 111 di(l:]2xd2y) . 

One has t]2 d2(t]i( diy)a;) + t]i di(t]2a;d2y)_= t]i2(d2((di2/)a;) + di(a;d2y)) = 
t|i2(— di2/d2X + dixd2y). The terms in b are more complicated to compute. 

We decompose x and y respectively into sums of tensor products like xi (X) X2 
and yi®y2, involving elements xi,yi S TZi and X2,y2 G T^2 whose degrees verify 
\xi\ + \X2\ = \yi\ + \y2\ = mod 2. Then 

bi{\\i{diy)x) + b2{\\2xd2y) = 

dij/ixi O 2/2x2) + (-)l^^l(l^=l+%(a;i2/i ^2X2 d2y2) 
= [xi, 2/1] 02/2X2 + (-)l^^ll^ilxiyi O [X2,y2] 
= [x, y] ■ 

Hence d^{\]XdY) ~ '^d{\\X dY) and 9 is a map of complexes. One proceeds 
similarly when X and/or Y are odd. ■ 
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The map '3/ allows to obtain easily the generalized Chern character of a 
connection form A G {'R.i^'R.2)- in the tensor product X(7^i)(8)J'^(7^2)- First 
note there exists an obvious linear inclusion of 

:^i^:^2 = c®7^l ® 7^2 ® (7^l(g)7^2) (39) 

into the unital free product TZ = TZi * TZ2 ■ We use this inclusion to consider A 
as an odd element A E TZ, together with its curvature 

F = ^A + A*A e7^+. (40) 

Here * is the product in TZ and S — Si +62 the differential. The DG algebra map 
: 7?. — > 7?.i(g)7?,2 shows that A and F are canonical lifts of A and its curvature 
F—{6i+62)A + A'^m the following sense: 

m(A) = A , Ai(F) = F . (41) 



Now, from proposition 2.1 the Chern character ch(A) is a cocycle in the to- 
tal complex X(TZ). By applying the morphism ^, we get a cocycle ch(A) G 
X{TZi)^X{TZ2), which is by definition the Chern character of the connection A. 
The following proposition computes ch(^) explicitly in terms of the curvature 
F. 

Proposition 2.5 Let {TZi,6i) and (7?.2,(52) be complete bornological DG alge- 
bras, andTZ = 'R-i*'R-2 their free product DG algebra, with differential 6 ~ 6x^82- 
Let A G {JZ\®'JZ2)- be a connection form, and A its natural lift to TZ^. Then the 



image of the Chern character ch^A) G X{TZ) under the map 5* of proposition 2.4 
is by definition the generalized Chern character ch{A) G X(TZi)(^X{TZ2), whose 
components read 



(42) 



'S2F 



TZi(E)n2 


3 


ch°'"(A) = e-^ , 


n^TZ^(§n2 


3 


ch^'^iA) = -^idiAe"^ , 


ni®9}n2\^ 


3 


ch°-i(A) = -^2e-^d2A , 


9}TZi^®9}TZ2^ 


3 


ch^'\A) = ^i2diAe-^d2A + 




+ 


/ dsids2^i2e-'°^ d2Fe~''^ diFe 






JA2 



where F ~ {Si + S2)A + G TZi®TZ2 is the curvature of A, and A2 = 

{(50:517 52) G [0,1]^ I 5» ~ 1} *5 standard 2-simplex. The cocycle prop- 
erty of ch(j4) means concretely, with 5 — 5i ^ 52'. 

^ch"'°(yl) + 6ich^'°(A) + 62ch°'^(yl) = 0, 

6ch^^^{A) + \\idic\Y^^^{A) + b2ch^'\A) = 0, 

,5ch°^\yl)+6ichi^\A) + bd2ch°^°(A) = 0, (43) 

5chi'i(A) + ^idich°^\A) + bd2chi^°(A) = 0. 

Moreover, the cohomology class of ch{A) is invariant with respect to smooth 
homotopies of A. 
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Proof: One has F ={5i + 82) A + yl^, F = M + A * A, and = A, ^(F) = F. 
Since A S TZi ® 7?.2 ® (TZi'^TZ2), equation ( |35| ) implies (/'(A) = 0, and similarly 
^!)((5A) = 0. Thus one has from (||) 

= 0(A * A) = - daA di A , 

because /x(A) = A is odd. 

Recall now that the two components of ch(A) in X{TV) are given by 

ch"(A) = e-^ , ch^A) = -lie-'^dA . 
Since the morphism ^' has even degree, one deduces 

*(ch°(A)) = ch"'°(A) + ch^'\A) , *(ch\A)) = chi^°(^) + ch°'i(A) . 
From the definition of '5 we see that 

so we get immediately ch'^'°(A) = e^^. We now want to compute 0(exp(— F)). 
For this, we have to solve a differential equation for the function 1 1— > 0(exp(— iF)), 
t £ [0,1]: 

^0(e"*^) = -0(F*e-*O = -(/.(F)e-*^-i^</)(e-*0- daFdie^*^ 
= dsAdiAe"*-^ - F0(e"*'') - daFdie"*-^ , 

or equivalently, 

(1 + F)0(e-*F) = daAdi^e-'^ - d^Fdie"*^ . 
at 

For t — 0, one has by definition (f)(1) = 0. Introduce the function 

U{t) = e*^0(e-*F) , 
then U fulfills the differential equation 

-U(t) = e*^ d2 A di^e-*^ - e*^ dai^ die"*^ . 
at 

Since J7(0) = 0, the solution reads 

U{t)= f ds{e/^d2AdiAe-''^ ^e'^d2Fdie-''^) , 
Jo 

therefore 

(j){e~-^) ^ [ ds (e-^i"")^ d2A di^e-''^ - e-^^-'')^ daF die"^^) . 
Jo 

Projecting the latter expression onto Q^^Zn^^n^^Z2^^ through the trace \\i2, one 
finds 

^i2(/)(e~^) = ^126-^ d2AdiA + [ dsids2 ^i2e''°^ d2Fe-''^ d^Fe-''^ . 

JA2 
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This is the claimed value for ch^'^(A). 

One the other hand, the definition of "if for odd components yields 

^-(^6-^ dA) = ^1 diAe-^ + ^2e-^ d^A , 

whence the values of ch^'°(A) and ch°'^(A). The homotopy invariance of ch(j4) 
is a consequence of the same property for ch(A). ■ 



Remark 2.6 Let (7?., 5) be a complete bornological DG algebra. If (£, d) is an 
auxiliary bornological DG algebra and t : £ ^ V a bounded closed graded trace 
with values in a bornological DG vector space (V, d), that is, r o d = ±d o r, 
then the construction generalizes in the following way. We take a connection 
A e {n®C)- and its curvature F ^ {6 + d)A + A^ e [U ® C)+. Then the 
cochain Tch(A) given by 

rch°(A) = TE-^ e n®V , rch^(^) = Tlje"-^ e VL^Tli^^V , (44) 

defines a cocycle in the graded tensor product of complexes X{TV)®V endowed 
with the total differential {[\d®b) + 5 + d. This was implicitly used in the proof 



of the homotopy invariance (proposition 2.2), with C the graded commutative 
algebra of differential forms over the interval [0, 1] and V = £, r = id. More 
generally, for two DG algebras {JZi,5i) and (7?.2,i52) and an auxiliary (£,d) 
provided with a closed graded trace as beforej^any connection A e 'lZi®'lZ2®C 
yields a cocycle Tch{A) in the total complex X{TZx)®X{TZ2)®V . 

Remark 2.7 The same method using free products can be generalized to an 
arbitrary number of DG algebras by induction. For example in the case of three 
DG algebras (7?.i,(5i), (7^.2,(52), ("7^3, (^s), one has a composition of morphisms 

x(7^l * (7^2 * 7^3)) -> x{tii)®x{ti2 * n^) -> x{ni)®x{n2)®x{n:i) . (45) 

One thus gets a Chern character ch(A) for any connection A E Tli®TZ2®'R-?, with 
curvature F = {5i+52+6'i)A+A^, using its canonical hft A g TZi*{TZ2*TZ3). This 
however leads rapidly to complicated expressions when the number of algebras 
increases. 

Let us now pass to coalgebras. The whole construction of universal one- 
forms, X-complex, and Chern character can be dualized by replacing the former 
unital DG algebra TZ with a counital DG coalgebra and transposing formally all 
structure maps. This is done by Quillen in ||39| , but since our sign conventions 
are different we have to set up carefully the definitions. 

Let (C, S) be a (complete bornological) counital coassociative DG coalgebra. 
This means that C is a Z2-graded bornological vector space endowed with 
bounded coproduct and counit 

A : C ^ C(g)C , r? : C ^ C , (46) 

verifying (A (K) id) o A — (id (g) A) o A (coassociativity) and (ry (g) id) o A — 
(id (g) ry) o A = id. We use Sweedler's notation |^ for the coproduct (the sum 
may be infinite): 

A(x) = ^ a;(o) ® , e C . (47) 
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The differential 5 : C — > C, 5^ = 0, is an odd degree coderivation: 

A o ^ = (,5 O id ± id J) o A , (48) 

where the sign ± depends on the degree of the element in the first factor of 
C(^C. Moreover 5 is compatible with the counit in the sense that ry o 5 = 0. 
We also impose some additional conditions on C: consider that C splits linearly 
into the direct sum C ® Kerry, such that the coproduct A carries the factor 
C to C#C + C^C C C®C, and 5£ = 0, (5 Kerr; C Kerry. These requirements 
imply that the (bornological) dual space of {C,5) is an augmented DG algebra. 
Indeed, set TZ = Hom(Kerr7, C), the space of bounded linear maps with its 
natural grading. It is an associative DG algebra for the convolution product 
and differential 

{fg){x) = ^(-)lsll-(o)l/(a;(o))5(a;(i)) , {Sf){x) = i-yf^fiSx) , (49) 

for any f,g£TZ and x G Kerry. The unitalization it identifies with Hom(C, C), 
the unit corresponding to the counit rj : C ^ <C and Sij = 0. With this dual 
identification, we derive straightforwardly the construction of the X-complex 
for DG coalgebras. We first introduce the graded space of one-coforms OiC: 

OiC = C® Kerry. (50) 

The degree of an homogeneous element x ® y is |a;| + \y\ + 1 (the symbol ig) 
has degree 1). fiiC is a bicomodule over the coalgebra C, with left and right 
coactions 

Aj : f^iC ^ C(8)f2iC , /\i{x®y) = ^X(o) (E) {x(i) (g) y) , 
Ar : niC ^ niC(^C , Ar{x(»y) = ^ {x (» y^o)) y{i) - (51) 

(-)l^<i)l(a;(o) (8)a;(i))(8)?/ . 

The differential S is extended to fiiC by S{x ig) y) = 5x®y + (— )l^l"'"^a; ® Sy and 
is compatible with the bicomodule structure in an obvious sense. The universal 
derivation d : 7t — > Q^TZ can be dualized into a coderivation d : fliC C. It is 
given by 

d{x g)y) — rj{x)y , \/x ^ C, y G Ker rj . (52) 

In the same way, the Hochschild operator h : ^^TZ TZ \s dualized into a map 
(3 : C ^ fliC corresponding to 

f3{x) = (-(-)l"<°'la;(o) O + (-)l^(i)l(N(o)l+i)^(^) ^ X(^o)) G C O Kerry , 

(53) 

where a;(i) is understood to be projected on the direct factor Ker ry when neces- 
sary, using the decomposition C = C © Ker rj. The bicomodule structure of QiC 
allows to define the cocommutator subspace 

r^iC^ = Ker(Aj - crA^) c ^iC , (54) 

where a : i7iC®C C®OiC is the graded flip. It plays a role dual to the 
commutator quotient space il^TZ\f = Q^TZ/[TZ,Q^TZ]. We denote by t] : fliC'^ 
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fliC the natural inclusion. The cocommutator subspace is stable by 5 and 
contains the image of the map p. One has /3 o Qt] = on fiiC'' and d\]o p = 
on C, and 5 anticommutes with /3 and 9t]. The X-complex of the DG coalgebra 
C is thus the periodic complex 

x{C) -.c -r-^ ^iC^ , (55) 

where the factors are themselves complexes for the differential S. At a formal 
level, X{C) plays a role dual to the augmented X-complex X{TZ) (it is of course 
not the dual complex in a strict sense). The conditions A carries C into C(S)C + 
C(8)C and 6 Ker rj C Ker 77 imply that X{C) splits into the direct sum of the trivial 
complex X(C) : C<=^0 and the reduced X-complex (formally dual to X{Tl)) 



X{C) : Kerr; ^ QiC^ . (56) 

The Chern character associated to a connection A £ TZ can be translated 
into this dual setting without difficulty. We simply replace TZiS)- by Hom(C, •) 
everywhere, with sign rules adapted to the natural grading of the objects in- 
volved. Recall that the space of bounded linear maps Hom(C,C) is naturally 
a unital DG algebra, for the convolution product fg = {f (g) g) o A and the 
differential 

^/ = (-)'^'/°^, V/GHom(C,C). (57) 
We introduce the derivation 

d : Hom(C, C) ^ Hom(OiC, C) , d/ = (-)I^V o d , (58) 

verifying the Leibniz rule d{fg) = {df)g + (— )''^'/( dp), where Hom(r2iC,C) is 
viewed as a bimodule over the algebra Hom(C,C). We also define a trace 

1] : Hom(OiC,C) ^ Hom(17iC^C) , t]7 = 7 o 1] , (59) 

for 7 S Hom(r2iC,C). The connection and curvature construction now works 
in the complex Hom(X(C), C) endowed with the total differential (t] d ® 6) + (5 
transposed of the differential {f3 d\\) + S on X{C): 

Sf ^ {-)^f^fo5 , ^dj - (-)l^l/o9^, V/eHom(C,C), (60) 
6j = {-y-<\-f o S , 67 = (-)l'^l7°/3, V7 e Hom(l]iC\ C) . 

Given any connection A E Hom(C, C)_ with curvature F = 6 A + A^, we define 
the Chern character ch{A) = ch°(yl) + ch^(A) exactly as in proposition 2.1, 



ch°(A) = e~^ e Hom(C,C) , ch\A) = -[\e-^ dA e Hom(17iC^C) , (61) 

which yields a cocycle in Hom(X(C),C). This method was used by Quillcn in 
[^ . It can be generalized including an arbitrary number of DG algebras or 
coalgebras, using the formulas we derived before. For example, the bivariant 
Chern character of section ^ will be based on the following hybrid cocycle, 
involving a DG coalgebra {C,5i) with coproduct A and a DG algebra {71,62) 
with product m: form the DG algebra Hom(C, 7?.), provided with the convolution 
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product fg = mo{fiS>g)oA, the unit Irj and two differentials Si, S2 induced 

by 

, S2f^S2of, V/eHom(C,7^) . (62) 
We have two derivations of bimodules over Hom(C,7?.), 

di : Hom(C,:^) Honi(r2iC,:^) , di/ = (-)l^l/ o 9 , 

da : Honi(C,:^) -> Honl(C,^^l7^) , da/^do/, (63) 

where d : TZ il^TZ is the universal derivation for TZ and d : fliC ^ C is the 
universal coderivation. Using the natural trace \\ : fl^TZ — > Q^TZ\f and cotrace 
\\ : OiC'' riiC, we define the partial traces 



Ni 
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Hom(17iC,-^) ^ }lom{niC\n) , 

Hom(C, n^n) Hom(C, n^TZi^) , (64) 
Hom(^7lC,^7^7^) ^ Honl(^2lC^^7^7^l,) . 



In fact \\i2 is really a trace of Hom(C, 7?.)-bimodule, but not t]i and [\2. We 
consider the Za-graded complex tlom{X (C) , X (TZ)) , with differentials induced 
by {X{C), {13 © ad) + 5i) and (X(7^), ([] d ® 5) + Ja). One has 

(5i7 = {~)^''^"f o 5i , (527 = (^207, 
6i7 = (-)''''7°/3, ^27 ^°7, (65) 
l:]idi7 = (-)l''l7° 91:] , I12 d27 = t]do7, 

for any 7 in the appropriate component of llom{X [C] , X {TV}) . Since it is a 
Hom-complex, the cocycles must correspond to chain maps between X{C) and 
X{TZ). Given a connection A e Hom(C,7?.)_, we can associate a chain map 
ch{A) g llom{X (C) , X (TZ)) by using exactly the same formulas as in the pre- 
vious situation with X{TZi)iS^X{TZ2)- The only difference is that we have to 
change the signs in front of the derivations S2 and d2 in order to get a chain 
map with right signs. Thus define the curvature F = (Si — 62) A + A^, and the 
expression of the Chern character ch(A) S 1iom{X (C) , X (TZ)) can literally be 
copied from proposition ^.5|, up to the sign of d2: 



Hom(C,7^) 3 cho(A) = e-^, 

Rom{niC\n) 3 ch;(A) = -liidiAe"^ , 

Hom(C,^^l7^^) 3 chJ(A) = tlae^^daA , (66) 

Hom(^^lC^^^^7^^) 3 chl{A) = -\\i2diAe-^ d2A- 

dsids2 \\i2e-"'^ d2Fe^''^ diFe-"^^ . 



The cocycle property of ch(A) G llom{X (C) , X (TZ)) then reads 

(5ich°(A)+6ich;(A) = (52ch°(A) +62chJ(A) , 
(5ich;(A) + didich°(A) = S2ch°{A) +b2chl{A) , (67) 

<5iChJ(A)+5iChJ(A) = ^2ChJ(A)+d2d2Ch°(A) , 

<5ichJ(A) + di dichJ(A) = (52ch}(A) + ^2 d2ch°(A) . 
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As usual the cohomology class of ch(A) is homotopy invariant. More gener- 
ally, if Ci, . . . ,C„ are DG coalgebras with counit and TZi, . . . ,TZp are DG al- 
gebras, a connection form is an odd element of the DG convolution algebra 
Hom(Ci(E) . . . 'S>Cn,'R'ii^ . . . 07?.^). Then the adaptation of remark to coalge- 
bras yields a cocycle 

ch{A) e Hom(X(Ci)(g) . . . ®X(C„), X(7^l)0 . . . (8)X(7^p)) . (68) 

Remark |2.6| generalizes also in a straightforward way. 

3 Bivariant cyclic cohomology 

The universal cocycles introduced in the previous section will now be used for 
the construction of a bivariant Chern character in the realm of bornological 
algebras. Our remark is that there are two equivalent ways of bescribing the 
cyclic homology of an algebra A. The first one is the original cyclic bicomplex 
of Connes As observed by Quillen js^, the cyclic bicomplex is isomor- 

phic to the (reduced) X-complex of the bar coalgebra B{A). This led Quillen to 
build cyclic cocycles on A by means of the connection and curvature method in 
the complex Hom(X(_B(^)), C). The second description of cyclic homology is 
provided by the Cuntz-Quillen theory [0. The latter involves the AT-complex 
of the tensor algebra TA, with its natural filtrations given by the powers of the 
ideal Ker(r^ ^ A). If ^ is a complete bornological algebra, its bar coalge- 
bra and tensor algebra are completed with respect to an entire bornology. This 
yields the entire bar coalgebra (A) and the analytic tensor algebra TA. The 
entire cyclic homology of A is computed either by X{B^(A)) or X{TA). This 
"self-dual" property of cyclic homology can be exploited for the description of 
bivariant cyclic cohomology. If A and B are complete bornological algebras, 
the complex }iom{X {Be{ A)), X{TB)) computes the bivariant entire cyclic co- 
homology HE^{A,B). 

Consider the unitalization B of B. We introduce the set of bivariant elements 
'i'{A,B) given by quintuples £ — {C,£^ ,t, p, D). They are intended to give 
an algebraic description of Kasparov bivariant A'-theory |^ . £ is an auxiliary 
Z2-graded complete bornological algebra containing an ideal £^ provided with a 
graded trace of homogeneous degree t : C p : A ^ L®B is an homomor- 
phism and D € C®B is a an odd element ("Dirac operator"). The laplacian of 
D is assumed to have a trace-class heat kernel exp(— iZ)^) G t^®B for any i > 0. 
We form the Quillen superconnection A ~ p+D viewed as an element of the DG 
convolution algebra llom{Bc{A), C^TB). Then £ is called 0-summablc if the 
exponential of the curvature of A converges to a bounded map B^{A) — > i^^TB. 
If this condition is realized, the construction of section || yields a cocycle 

rch(A) e }iom{X(B,{A)), X{TB)) (69) 

after composition with the trace r. Its cyclic cohomology class is homotopy 
invariant and defines the bivariant Chern character ch(f) G HE^{A, B). The 
exponential of the curvature of A incorporates the heat kernel exp(— <_D^) as 
a regulator of traces. The cocycle rch(A) is a bivariant generalization of the 
JLO formula |2^ , and in fact is equivalent to our previous construction of the 
entire Chern character for unbounded Kasparov bimodules 



35 . In m, we 
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showed by a process analogous to g that under some finite-summabihty as- 
sumptions this bivariant Chern character retracts on periodic cocycles related 
to the universal algebras of Cuntz and Zekri Q, and yields a bivariant 
Chern character adapted to the description of KK-theoiy via bounded Fred- 
holm bimodules (these formulas are close to those of Nistor 1^, ||). The same 
method may be generalised by incorporating more than two algebras, as ex- 
plained in the previous section. For example, judicious choices of connections 
A lead to cup or shuffle products in periodic or entire cyclic homology. 

Let A he a, trivially graded complete bornological algebra. The bar construc- 
tion of A is the Z2-graded vector space 

B{A) = 0B„(^) , B,,iA) = , Bo{A) = C, (70) 

n>0 

with grading given by the parity of n in i3„ (A) . The bar construction endowed 
with the direct sum homology is a complete bornological coassociative coalge- 
bra, with coproduct A : B{A) B{A)^B{A) given by 

n 

A(ai (g . . . (g a„) = ^(ai (g . . . (g a^) (g) (a^+i (g) . . . g) a„) . (71) 

4=0 

It has a counit rj : B{A) — > C corresponding to the natural projection onto 
Bo{A). One defines a differential b' : Bn{A) Bn-i{A) of odd degree: 

71-1 

b'{ai g) . . . g) a„) = '^i^y~^o-i ® • • • ® flifli+i g) . . . g) a„ , (72) 
1=1 

with b' = for n = 0, 1. Then one has = 0, and the coproduct and counit 
are morphisms of graded complexes: Aob' — (6' g) 1 ± 1 g) 6') o A and ry o 6' = 0. 
This turns B{A) into a Z2-graded DG coalgebra. In the sequel, we will consider 
that B{A) is endowed with the differential S = —b' in order to fit well with the 
bicomplex of cyclic homology. 

The associated universal bicomodule ^liB{A) — B{A)(E)Kerri (section |[) iden- 
tifies with the graded space 

niB{A) = B{A)^A^B{A) , (73) 

where the degree of the element (ai (g . . . (g a^-i) (g (g (a.i+i (g . . . (g a„) is equal 
to the parity of n — 1 . The rule is that the middle element always has even 
degree, whereas the other a's appearing in the left and right factors B(A) are 
odd. The isomorphism B{A)^A^B{A) = B{A)'S)KeTf] is exphcitly given by 

(ai (g . . . (g tti-i) (g (g (oi+i (g . . . g) a„) < — > (74) 

i 

^(-)^^"^(ai (g . . . (g tti-j) (g (tti^j+i g) . . . (g a„) . 

The identification fliB{A) = B{A)^A(E)B{A) simplifies the descriptions of the 
left and right bicomodule coactions of B{A) on niB{A). They correspond 
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respectively to 

A; = A ® id ® id : niB{A) B{A)(^niB{A) , 

A^ = id (g) id «) A : niB{A) niB{A)(§)B{A) . (75) 

The universal coderivation of odd degree d : niB{A) B{A) is given by 

d((ai (g) . . . (g) a,_i) (g) (g) {a,+i (g . . . (g a„)) = (-)'"^(ai (g . . . (g a„) . (76) 

The sign (— )'^^ morally comes from the crossing of d over (oi (g . . . (g a^^i) 
mitil the position of the element a^, which becomes odd. The cocommutator 
subspace i}iB{A)^ = Ker(A/ — aAr) identifies with 

niB{A}^ = A<^B{A) , (77) 

where the element ap ® ai ® . . . ® o„ € ^(gi3„(^) has degree n mod 2 (oq is even 
whereas the other a^'s are odd). The natural inclusion \\ : QiB{A)'^ fliB{A) 
is therefore a bounded map of even degree, explicitly given by 

n 

tl(ao(gai(g. . .(ga„) = ^(-)'(""^^ (a,+i (g . . . (g a„) (g ao (g (ai (g . . . (g a^) . (78) 

i=0 

Under these identifications, the differential S : QiB{A)^ — + iliB{A)^ induced by 
the differential —b' on B{A) corresponds to the Hochschild operator 

n-1 

&(aog)aig). . .g)a„) = ^(-)'aog). . .gja^ai+i . . . g)a„ + (-)"a„ao g)ai . . .®a„ . 

1=0 

(79) 

We are now in a position to identify the X-complex of the bar DG coalgebra 
(section |^). Since B{A) and fliB{A)'^ are both given by direct sums of tensor 
products , it is useful to introduce the (signed) backward cyclic permutation 

A(ai (g . . . (g a„) = (-)""^a„ g) ai (g . . . (g a„_i , (80) 

thus acting on B{A) and niB{A)^ with the same sign convention. Consider 
also the norm operator 

n-1 

AT = ^ A' on . (81) 

i=0 

Then the X-complex of the bar DG coalgebra is given by the supercomplex 

X(B{A)) : B{A) niB{A)^ , (82) 

di,=N 

where B{A) and QlB{A)'^^ are themselves complexes for the differential S, which 
anticommutes with 1 — A and N. Remark that B{A) splits linearly as the direct 
sum of vector spaces C® Ker?7, where C = Bo{A). Both C and Ker?7 are stable 
by (5, and A maps C to C^C. It follows that X{B{A)) splits into the direct 
sum of the reduced X-complex 

X(B{A)) : KerT? n{B{A)^ (83) 

N 
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and the trivial complex C^O. In this way, we obtain Quillen's fundamental 
result that the reduced X-complcx of B{A) identifies with the (two-sided) 
cyclic bicomplex p7[|: 



(84) 



N 



N 



N 



b 
b 



1-A 



1-A 



-6' 
-b' 



N 



■ A^^ 

b 



N 



1-A 



1-A 



-b' 

■ A^^ 

-b' 



N 



N 



-b' 



1-A 



A- 



N 



-6' 



■A- 



1-A 



■A- 



N 



The columns with —b' (resp. b) correspond to Kerry C B{A) (resp. QiB{A)''^). 
It if often more convenient to reexpress the cyclic bicomplex in terms of non- 
commutative differential forms ||]. Let flA be the Z2-graded vector space 



n''A = A, 



(85) 



n>0 



where A — C®Ais the unitalization of A. The degree of fl^'A is the parity of 
n. Since fl'^A decomposes into the direct sum 

_4®(«+i) ^ foj. „ > 0, the 

corresponding elements are denoted by 



aodai . . . dan 
dai . . . da^ 



(86) 



for fli e A. Then ^A is a non-unital DG algebra, for the differential d : fl^A 

n-^+^A 

d[aodax . . . dan) — da^dai . . . dan , d{dai . . . dan) = 0, d^ — , (87) 

and the usual associative product of differential forms verifying the graded Leib- 
niz rule 

d(LUiUJ2) = duJiL02 + ( — )''^^'ti'l(iti)2 V(jJi_2 G ^A ■ 

Introduce the Hochschild operator 6 : Vl'^A iV-^^A 



b{ujda) = (-)""M'^, a] , Ka) =0 Vcj e VC'-^A , a£A 
and Connes' boundary map B : il"^ Vl'^^^A 

Bia^dai . . . dan) = (1 + k + . . . + K"){daodai . . . dan) , 



(88) 
(89) 



(90) 



where n is the Karoubi operator defined hy 1 — n = db + bd. One has K{Luda) = 
(-)l"ldatJ, e flA, a e A. It turns out that b'^ = B^ = bB + Bb = and 
kB = B = Bk, hence flA is actually a bicomplex. Now remark that there is an 
isomorphism of graded vector spaces 



X{B{A)) = QA 



(91) 
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given by the following correspondence: 

Bn{A) 3 ai (g) . . . (g) an ^ dai . . . dan E il'' A (92) 
riiB^A)'^ 9 ao (Xi ai (g) . . . (g) a„ ^ apdai . . . da„ G fl"^A . 

Under this identification, it is easy to show that the operator : nlB{A)'^^ 
B{A) corresponds to Connes' boundary map B. Similarly, the operators —b', 
(f — A) and b on X{B{A)) collectively correspond to the Hochschild operator 
b on UA. Therefore, the isomorphism (|9^) is in fact an isomorphism of total 
complexes. 

We now deal with cyclic homology. The latter is the homology of some com- 
pletion of the cyclic bicomplex. There are different kinds of cyclic homologies, 
depending on the completion chosen. Since we are mainly interested in Chern 
characters of 0-summable modules over Banach or Frechet algebras, the suit- 
able version of cyclic homology is the entire one |^ . The general formulation of 
entire cyclic homology for bornological algebras, including the bivariant theory, 
appears in |2^. We already adapted these concepts to Quillen's formalism of 
algebra cochains in a previous paper p5[ and constructed a bivariant Chern 
character along these lines. We will follow the same steps here. 
First consider the entire homology on flA, as the bornology generated by the 
sets Hi 

[j[72/2]lS{dS)'' cnA , (93) 

n>0 

for any bounded set S in the bornology of A. Here [n/2] = /c if n = 2fc 
or n — 2k + 1, and S ^ C + S. Let ft^A be the completion of ilA with 
respect to the entire bornology. One shows that the operators (6, B) of ^lA 
are bounded and extend to this completion By definition, {D,fA,b,B) is 

the cyclic bicomplex of entire chains over the bornological algebra A. Using 
the isomorphism (|9l|), one has of course a corresponding formulation using the 
X-complex of the entire completion of the bar DG coalgebra ||3^. Endow B{A) 
with the bornology generated by the sets 

|J[n/2]!5®"cS(yl) , (94) 

n>0 

for any bounded set S in the bornology of A. The entire bar construction Be{A) 
is the completion of B{A) with respect to this bornology. The operators A and 
b' are bounded, hence extend to Bg{A) which becomes a DG coalgebra. The 
associated bicomodule V,iBt{A) is given by 

niB,{A) = B,{A)g)Ag)B,{A) , (95) 

and the whole construction of the X-complex of the entire bar DG coalgebra goes 
through with the obvious modifications. In particular we get an isomorphism 
of total Z2-graded complexes 

X(B,{A)) = n,A . (96) 
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Definition 3.1 Let A he a complete hornological algebra. The entire cyclic 
homology of A is the homology of the 'Ii2-graded complex of entire chains fl^A 
endowed with the total differential b + B: 

HE^A) = H^in,A,b + B) , * = 0, 1 ■ (97) 

Equivalently, it is equal to the homology of the reduced X -complex of the entire 
bar DG coalgebra B^{A). 

Thus the (entire) cyclic homology is computed by the X-complex of a DG 
coalgebra. Quite remarkably, it is also equal to the homology of the X-complex 
of an algebra. This is the content of the Cuntz-Quillen formalism |]l7| , adapted 



to the entire framework by Meyer |29 . First, decompose the Z2-graded algebra 
of differential forms Q.A — Vi^A ® Vl^ A into its even and odd parts. The even 
part Vl^A is a trivialy graded subalgebra. We endow Vi^A with a deformed 
associative product, the Fedosov product 

W2 = Wll^2 — dhJidhJ2 , 0Jl^2 G A . (98) 

Associativity is easy to check. In fact the algebra {il^A, 0) is isomorphic to the 
non-unital tensor algebra TA ~ ®„>i under the correspondence 

U.'^A 3 aodai . . . da2„ < — > oq a;(ai, 02) ... t^(a2n-i, a2n) G TA , (99) 

where uj{ai, aj) :— aiQj — ai <^ aj G A® -4®^ is the curvature of {at, aj). Now 
endow flA with the analytic bornology generated by the sets 

U S{dS)" C nA , (100) 

n>0 

for any bounded S C A. The completion of flA for this bornology is denoted 
by flanA, and splits into the direct sum fl^^A ^^n^- I* turns out that the 
Fedosov product is bounded for the analytic bornology restricted to Q^A p9|] , 
and thus extends to the analytic completion fl'^^^A. The complete bornological 
algebra {Q'^^A,(i)) is also denoted by TA and called the analytic tensor algebra 
of A. 

In what follows, we will consider TA as a trivially graded DG algebra, with 
differential simply equal to zero. The Tyl-bimodule of universal one-forms is 
given by _ _ 

n^T A^T A(E)A(E)T A , 

for any a G A and x,y €z TA, where TA is the unitalization of TA. The 
bimodule structure is the obvious one. This implies that the bornological space 
il^TA\^ is isomorphic to TA^A, which can further be identified with the analytic 
completion of odd forms f^an-^i through the correspondence a: a ^ xda, Va G 
A, X G TA. Thus collecting TA and il^TAt^ together yields a bornological 
vector space isomorphism 

X{TA) = n^nA . (102) 

Because TA has no differential, the only boundary maps of its X-complex are 
given by t] d : Tyl ^ Q^T At^ and b : fl^T At^ ^ TA. We stiU denote by 
(t] d, 6) the boundaries induced on fl^nA through the above isomorphism; Cuntz 
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and Quillen have explicitly computed them in terms of the usual operators on 
differential forms p^ : 

b = + onf72"+M, (103) 

2n n — 1 

i=0 i=0 



The crucial result |17|, |29| is that the complex {Q^nA, t] d 6) = X{TA) is 
homotopy equivalent to the complex of entire chains fl^A endowed with the 
differential {b + B). Let Pi : flA flA be the spectral projection for the 
eigenvalue 1 of the operator k^, and be the orthogonal projection. Pi 
and P^ commute with all operators commuting with k, in particular b and B. 
Then one shows that Pi extends to the entire and analytic completions flcA 
and ^lunA. The subcomplex P^fl^A endowed with the differential b + B is 
contractible. The same result holds for Pf^ilan = P^X{TA) endowed with the 
differential (tjd© 6). Let c : i^a,nA ^^A be the bornological vector space 
isomorphism induced by 

c(aodai...da„) = (-)t"/2l[n/2]!aodai...da„ Vn G N . (104) 

Then c maps isomorphically PiQi^nA onto PiQ^A, and under this correspon- 
dence, the boundaries t] d 6 and b + B coincide: c~^{b + B)c = t] d 6 on 
PiflanA. It follows that the X-complex X{TA) is homotopy equivalent to the 
{b + i3)-complex of entire chains il.eA. We thus have two possibilities for com- 
puting the entire cyclic homology of an algebra. This leads to many equivalent 
definitions of the bivariant theory: 

Definition 3.2 Let A and B be complete bornological algebras. Let}iom(fli,A,fleB) 
denote the space of bounded linear maps between the entire cyclic bicomplexes 
VLf^A and fl^B. It is naturally a Z,2- graded bornological complex, the differential 
of a map f corresponding to the commutator (b + B) o f — (—Y^^ f o [b + B). The 
bivariant entire cyclic cohomology of A and B is the cohomology of this complex: 

HE^ {A, B) ^ (Hom(rj,yl, VL^B)) , * = 0, 1 . (105) 

Since ^.^A (resp. fl^B) is homotopy equivalent to XiTA) (resp. X{TB)), the 
bivariant entire cyclic cohomology is also computed by any of the following homo- 
topy equivalent 'Z2-graded complexes: Jiom{X (T A), X(TB)), J^om{X{TA),^leB) 
and }iom{n,A,X{TB)). 

The complex liom{il.^A,X{TB)) is of special interest for us. Using the isomor- 
phism X{B^{A)) = i^eA, we deduce that the bivariant entire cyclic cohomology 
is computed by 

HE,{A,B) = H,{Ilom(X(Be{A)),X{TB))) . (106) 

In the above formula, B^ (A) is a DG coalgebra and TA a trivially graded algebra 
(without differential) , thus we are in a position to obtain bivariant cocycles via 
the generalized Chern character of section ^. The following definition is intended 
to introduce an algebraic notion of unbounded Kasparov bimodules . 
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Definition 3.3 Let A and B be trivially graded complete bornological algebras. 
We have to consider the unitalization B because we work in a non-unital setting. 
Denote by ^{A,B) the set of quintuples £ = {jC,£^,t,p,D) such that: 

• C is a Z2-graded unital complete bornological algebra, viewed as an algebra 
of "abstract pseudodifferential operators"; 

• £^ C C is a 'E2-graded two-sided ideal endowed with its own complete 
bornology ("smoothing operators"), such that the inclusion ^ C is 
bounded, as well as the left and right multiplications by C; 

• T : £^ ^ C is a bounded graded trace of homogeneous degree on viewed 
as a bimodule on L, i.e. r([f^,£]) = 0; 

• p: L®B is a hounded homomorphism carrying A to the even degree 
component of the algebra L®B; 

• D € C®B is an odd element (Dirac operator) provided with a heat kernel 
H{t) = exp{—tD'^), i.e. an element H G £^B^C°°[0, 1] verifying the heat 
equation 

j^H{t) = -D'^H{t) , H{0) = 1 e £(g)B , (107) 

and H{t) G i^^B for any t > (trace-class condition). 

'^{A,B) splits into the set 'i'o{A,B) of quintuples for which the homogeneous 
trace t has even degree, and the set "^i{A,B) of quintuples with odd trace. The 
direct sum of two elements £i, £2 of the same degree is obviously defined by 
C = C-j^® C2, T = Ti (B T2, p = pi (B P2 and D = Di Q) D2. This turns both 
'^i{A,B) into a semigroup. 

If £0 = {C,£'^,t,po,Dq) and £1 = {£,i'^,T,pi,Di) differ only by pi and Di, 
we say that they are smoothly homotopic iff there exists an interpolating ele- 
ment £ = (£[0, [0, l],T® id, p, D), with £[0, 1] = £®C°° [0,1], such that the 
evaluations evt ° P a,nd, aViD coincide with pt, Dt for t = 0,1. 

Example 3.4 The above definition is motivated by the elassical example of 

fibered manifolds. Let X — > y be a fibration of smooth compact manifolds. 
Let A = C°° {X) and B = C°° (Y) be the Prechet algebras of smooth complex- 
valued functions over the total space and the base manifold respectively (since 
Y is compact, B is already unital and we don't consider its unitalization). An 
element {C,i^,T,p,D) e ^{A,B) will roughly correspond to a family of pseu- 
dodifferential operators (^'DO) over Y acting on sections of some vector bundle 
over the fiber Z. For notational simplicity, we shall assume that F is a n-torus 
T„, and that pseudodifferential operators act on the scalar functions C°°(T„). 
Let d G M and ■0'^(T„) denote the space of ^I'DOs of order < d, that is, operators 
P : C°°(T„) C°°(T„) defined by their symbols p(a;, ^) in the variables a; G T„ 
and ^ G Z" (dual lattice of the torus) 

(P/)(a;) = ^e" fp(x,e)/(0 V/ G C-(T„) , (108) 

where / is the Fourier transform of /, and p{x, ^) verifies the estimates 

Ibll^ = sup 1(1 + \^\)-''d^p{x,^)\ < 00 , (109) 
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for any a S N. Then ip'^{Tn) endowed with the seminorms || • is a complete 
locally convex space. We consider the homology given by the collection of all 
bounded subsets. For d' > d, the inclusion i/)'^(T„) c tp'^ (T„) is bounded, and 
the inductive limit ip{Tn) = UdV-''^(Tn) endowed with the obvious homology is a 
complete bornological space. Moreover, the product of \E'DOs is bounded, and 
we let C = tp{Tn) be this complete bornological algebra. The two-sided ideal of 
smoothing operators ■0~°°(T„) = C)dip'^{'Tn) is a complete algebra for the locally 
convex topology given by the family of seminorms 

|b||--=sup|(l + |^|)'^a>(a;,^)| (110) 

for any a e N and (3 > 0. The corresponding complete bornological algebra 
is the ideal The natural inclusion C £ is bounded, as well as the left 
and right multiplications by £ and the operator trace t : ^ C Choosing 
a finite cover of Y and a partition of unity, we may reduce to the case where 
the fibration X ^ Y is trivial (replace £ by a matrix algebra over £). Then 
the algebra A = C°^{X) is represented by an homomorphism p : A ^ C®B, 
and a smooth family of elliptic ^fDOs of order > corresponds to an element 
D e C'§)B with smoothing heat kernel exp(— t_D^) € £^(E)B. In realistic situations 
the scalar functions on the fiber Z are replaced by some Z2-graded vector bundle 
and the algebra C of ^fDOs is also graded. 

We now return to the general case and fix an element £ = (£, £^,t, p, D) G 
^{A,B). Thus p : A ^ jC^B is a bounded homomorphism and D G C^B is 
an odd element. Let C = B^{A) be the entire bar DG coalgcbra of A, with its 
differential —b'. Let TZ = TB be the analytic tensor algebra of B. The latter 
identifies with the analytic completion ^'^J3 of even forms endowed with the 
Fedosov product 0. We regard it as a trivially graded algebra with differen- 
tial equal to zero. Consider the Z2-graded convolution algebra Hom(C, £(8)7?.) 
endowed with the differential transposed of —b': 

(5i/ = -(-)l-'l/o6' , V/ e Hom(C,£0-^) . (Ill) 

We shall denote also by © the convolution product. Now remark that the 
projection C = B^{A) Bi{A) = ^ is bounded, as well as the linear inclusion 
of bornological spaces C(^B ^ C^TB. Consequently, the homomorphism p 
may be considered as a linear map p e Hom(C,£ig)7t) via the composition 

C ^ A-^ C®B^ C^n . (112) 

Similarly, D G jC^B defines an element D G Hom(C, £^TZ) by 

C-!Uc^ C%)B w C®n . (113) 
Introduce the following Quillen superconnection 

A = p + D eYLom{C,Ci^n)_ , (114) 

with curvature 

F = 5iA + AqA = 5ip + p'^^^ + [L>, p\q + ^ Hom(C, L®Ti)+ . (115) 
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Recall that the products and commutators are taken in the convolution algebra 
Hom(C, £(8)7?.). As a map from B^{A) to C^TB, it is easy to see that F vanishes 
on Bn{A) for n > 3. Using the isomorphism TB = (^^an'^) 0); ^I'st evaluate 
F onBoiA) = C: 

F{lc) ^ D Q D ^ D'^ + dDdD e C(^B ® Cm'^B , (116) 

where the product D^^s now taken in C^B, and dD is the image of D under 
the derivation d : C®B L^il^B. The sign + in front of dDdD comes from 
the fact that D is odd and the Fedosov product equals — {—)^^^dDdD in 
this case. In the same manner, we evaluate F on Bi{A) = A: 

F{a) = {[D,p\Q){a) = D Q p{a) ~ p{a) Q D ^ (117) 
= [D, p{a)] + dDdp{a) + dp{a)dD e C%)B ® C®^fB , 

and on B2{A) = A(§A: 

F(ai, 02) = [Sip + p®^){ai,a2) = /9 6'(ai, aa) - p(ai) ^(aa) (118) 
= p{aia2) - p{ai)p{a2) + dp{ai)dp{a2) = dp{ai)dp{a2) e C'^fl'^B . 

Therefore, we may rewrite the curvature as 

F^D^ + [D, p] + d{p + D)d{p + D) . (119) 

In order to write down the bivariant Chern character of £, we must take the 
exponential of F in the convolution algebra IIom(C, £(8)7?.). It is shown in p5[ 
how this Fedosov exponential expQ(— i^) viewed as a map B^{A) — > ^t^B can 
be computed as a power series involving the heat kernel exp(— fZ)^) S £^(E)B. In 
fact one has 

expQ(-F) = XI / dsi...dsn e-'"'" dFde-"'^ . . . dFde-'"^ , (120) 
which may be rewritten as 

expo(-F) = Y.(-y' [ dsi...dsne-'"^dFe-'^''dF ...e-'^-'^dFe-'^-^ 

n>0 

= exp(-i^ + V^dF)|+ , (121) 

that is, the exponential for the ordinary (not Fedosov) product of differential 
forms C®Vls.^B., where we retain only the component in £(8)f7+jS. We write 
-F + ^f^dF = -D'^ + H with 

H = -[D,p]- d{p + D)d{p + D) + V^d{D^ + [D, p]) , (122) 

and develop the latter exponential in power series of H: 

expQ(-F) = X f dsi...dsne^'"^'He-''°'H ...e-'"-'"'He-'-^'\+ . 

(123) 

Thus each term is a well-defined element of Hom(i?e(^), i^^il^^B), because the 
heat kernel is in i^®B. The requirement of convergence for the series leads to 
the following definition. 
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Definition 3.5 Let £ = {C,£^ ,t, p, D) be an element of'^{A,B), A = p + D 
the superconnection in the convolution algebra }iom{B^(A),C'^TB), and F its 
curvature. Then £ is called fl-summable ijf the exponential of F, taken in the 
convolution algebra, converges towards a bounded map 



exp(-F) : B,{A) 



iTB . 



(124) 



In other words, exp(— i^) must be a "trace-class" bounded map. Two 9-summable 
quintuples £{) — {C, £^ ,t, pQ, Dq) and£i = {C, ,t, pi, Di) are (smoothly) homo- 
topic iff there exists a 9-summable interpolating element £ ~ {C[Q, 1], i^[0, 1], T(g) 
id, p,D). 

If the element £ e 'i>{A,B) is (?-sunimable, we obtain a bivariant cocycle as 
explained in section ^. Recall that the X-complex of the DG coalgebra C — 
-Be (.4) is isomorphic to the cyclic bicomplex 



X{C) - C - — ^ f^iC" 



(125) 



where C and fliC'' are themselves complexes for the differentials —b' and b. 
On the other hand, the (augmented) X-complex of the trivially graded algebra 
7?. ~ TB is given by 

~ Hci 

x{Ti) : n - — ^ n^n^ . (126) 



Consider the derivations on the convolution algebra 

di : Ilom{C,C(§)n) ^}lom{niC,C^n) , di/ = (-)'-''l/ o 9 
d2 : Iioiii{C,C®n) gnomic, Cm^n) , d2/=do/, 

and the partial traces 



1l2 



Then we have 



Hom(C,£(g)^^^7^) Y^om{C,C®n^n\^) , 

Hom(^2lC,£(g)^7l7^) ^ Hom(^^lC^/:«)^^l7^^) 



diA , diF G Hom(rJiC,/;®7l) 
d2A , daF e }loTn{C , C^n^Tl) 
e-^ e Hom(C,^i(»-^) , 



(127) 



(128) 



(129) 



because £ is 6'-summable. As in section ^ we introduce the components of 
ch{A): 



Hom(C,£l(^f^^7^^) 3 

Hom(^]lC^^^(8)^^^7^^) 3 



chO(A) ^ e , 
ch;(A) = -^idi^e-^ 
chJ(A) = ^se-^dsA , 
chl(A) 

dsxds-2. t]i2e-'"'-^ dsFe""^^ diFe""^-^ 



(130) 
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We used the fact that £ is a two-sided ideal in C. Hence applying the trace 
T : — > C, we get a cocycle (remark 2.6) 

Tch{A) e Hom(X(C),X(7e)) . (131) 

Let |r| = or 1 be the degree of the homogeneous graded trace t. This allows 
to write the cocycle condition explicitly in terms of the components of ch( A) , 
together with the boundary maps —b', 6, TV, (1 — A) on the cyclic bicomplex 
X{C) and (t]d®6) on X(7^): 

Tch°(yl)o(-6') + ^ch'i'(A)o(l-A) = (-)l^l6oTchJ(A) , 

Tch°{A)ob + Tcho{A)oN = (-)l^l6oTch}(A) , (132) 

TchJ(A)o(-&')+rchJ(A)o(l-A) = (-)l^lHoTch°(A) , 
TchliA) o b + TchliA) o N = (-)l^lt]dorch?(A) . 

(133) 

This shows that the cocycle Tch(A) has parity |t|. Equivalently, we may use 
the identification of the reduced X-complex X{C) with the {b + i3)-complex of 
entire forms Cl^A: 

Tch(A) e }iom{n,A,X{TB)) , (134) 
Tch(A)o(6 + S)-(-)l^l(lld®6)orch(^) =0 . 

Let us evaluate rch(^) on a n-forni over A. chJ](A) and chl{A) are defined on 
Bn{A), which corresponds to the space of boundaries dil""^^. On the other 
hand ch"{A) and chj(^) are defined on {fliB{A)'^)n, or equivalently Ad^"~^A. 
Thus for any differential form dai . . . dan G ^^A, one has 

Tcho(dai . . . dan) = Te^^{ai (g) . . . ® a„) G TB , (135) 

where the string ai (g) . . . (g) a„ is an element of Bn{A) C C, whose evaluation on 
the cochain exp(— i^) € Hom(C, £^®7?.) is given by formula (123). Similarly 

Tchl{A){dai . . . dan) = T\]{e^^ d2A){ai (g) . . . (g) a„) 

= rt]e~-'^(ai g) . . . (g a„_i) dp(a„) + rtle~-'^(ai g) . . . (g a„) dL) (136) 

in Q}TB^. Furthermore, for any n-forni a^jdai . . . dan G one has 

Tch°(A)(aodai . . . da„) = -r diAe~-'^tl(ao g) oi g) . . . g) a„) , (137) 

where oq gi ai g) . . . g) a„ is an element of iliC^. Hence 

Tc\\\{A){aQdai . . . dan) = -r ( diA(ao)) (e"-^(ai g) . . . g) a„)) (138) 

= Tp{aQ) {ai® . . .® an) eTB. 

The last component Tchi[(A) is a sum of two terms. The first one evaluated on 
aodai . . . dan G Q,"A yields 



-t\\ diA d2A\\{ao g) oi g) . . . g) a„) 
L(ao))((e-^d2/9) (oi g) 
T[\p{ao)e'^{ai g) . . . g) a„_i) d/9(a„) + T\]p{ao)e''^ (ai g) . . . g) a„) dD 



T\\{diA{ao)) ((e-^ dap) (ai g) . . . ® a„)) (139) 
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in n^TB\f. The evaluation of the last term 

- / dsids2\ii2e-'°^ d2Fe-'''' diFe"''' (140) 

is slightly more lengthy, but this can be done without difhculty as above. We 
let it as an exercise. 

For the applications of the bivariant Chern character, in particular when 
dealing with the composition product, it is better to work within the Z2-graded 
complex Rom{i}f A, ileB) . Thus we first project X{TB) onto X{TB) by drop- 
ping the direct factor ^(C) : C^O, and then use the Cuntz-Quillen homotopy 
equivalence 0, |l|, H 

Pi o c : X{TB) ^ n^nB n,B , (141) 
where Pi is the spectral projection for the eigenvalue 1 of the squared Karoubi 



operator k^, and c is the rescaling (104). Collecting all the preceding results 
together, one has the following 

Theorem 3.6 Let A and B be complete bornological algebras, and let £ = 
{C,£^,T,p,D) be a 9-summable element of 'i'i{A,B), i = 0, 1. Let A = p + D 
be the Quillen superconnection associated to £ , viewed as an element of the 
DG convolution algebra B.om(B ^{A) , C®T B) . Let Pic : X{TB) ^ Vt^B be the 
homotopy equivalence. Then the map 

ch(£) = Picrch(A) e nom{n,A, n,B) (142) 

is an entire bivariant cyclic cocycle of parity i: 

{b + B)o ch{£) - {-ych{£) o{b + B)=0 . (143) 

Its cohomology class in HEi [A, B) is the bivariant Chern character of £ . The 
latter is additive for the semigroup law of VP^ {A, B) and invariant with respect 
to smooth homotopies of p and D among 9-summable elements. 

Proof: We only have to prove the homotopy invariance. If £ = (£[0, 1], -^^[0, 1], 
id, p, D) interpolates between two elements £o and £i, we consider the auxiliary 
DG algebra tensor product £(8)f^[0,l], endowed with the de Rham boundary 
of differentia l fo rms over [0,1]. Then as in the proof of proposition (see 
also remark |2.6j ), the Chern character of £ yields a cocycle in the complex 
Hom(r2(:y^, il^Bi^il[0, 1]), where the differential on fl[0, 1] is taken into account. 
By projecting the cocycle condition over fl^[0, 1], one gets a transgression for- 
mula involving the Chern-Simons terms as as in proposition ^.2| , and the homo- 
topy invariance follows. h 



Remark 3.7 The projection fleB fl"-B being bounded, there is a natural 
map from HE^,{B) to the periodic cyclic homology HP^,{B), i.e. the homology of 
the direct product Q.B — nii>o ^"'S endowed with the boundary b+B. Hence we 
may forget the complex Hom(i7e^, rigi?) and view the bivariant Chern character 
of £ simply as a map 

ch(£) : HE^{A) HP,+\r\{B) . (144) 
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This allows to weaken somewhat the 0-summability condition 3.5, This will also 
be the correct setting for the characteristic maps of Hopf algebras. 



Remark 3.8 Following section Q, the process generalizes to an arbitrary num- 
ber of algebras appearing in covariant or contravariant position. For example if 
A is covariant and Bi,B2 are two contravariant algebras, we may work in the 
DG convolution algebra }iom{B^{A),TBi^TB2)- Then any odd connection A 
in the convolution algebra such that exjp(—F) converges yields a map 

ch{A) : HE,{A)^ HE,{Bi)®HEk{B2) , i e I.2 ■ (145) 

j + k=i 

In particular if ^ = Bi(E)B2 and if the connection A is the composition 

B,{A) A = Bi®B2 ^ fBi^fB2 , (^46) 



then (145) is a coproduct in entire cyclic homology ^7|]. This works also in 
periodic cyclic homology. As another related example, if we take two algebras 
Ai , A2 in contravariant position, and a third algebra ;B in a covariant position, 
we may work in the DG convolution algebra }iom{Be{Ai)^Be{A2),TB). Then 
any odd connection A in the convolution algebra such that exp(— i^) converges 
gives rise to a bilinear pairing 

ch{A) : HE,{Ai) X HE,{A2) ^ HE,+,{B) , i,j e Z2 . (147) 

Again, if Ai and A2 are unital and B = Ai®A2, we can choose A = 1,1 + i2 
where ti is the linear map 

BMi)^BM2) A, B^fB, (148) 



and similarly for L2 . Then ( 147 ) is a shuffle product [g7| , working also in periodic 
theory. The large flexibility of our construction allows, in principle, to extend 
these kind of pairing to very general situations just by choosing an appropriate 
connection A. 

Remark 3.9 Everything extends also to the cyclic homology of DG algebras 
(see ^). If (-4, S) is a differential graded algebra, its bar coalgebra B{A) is 
naturally endowed with an induced differential S anticommuting with the usual 
acyclic operator b'. Then the entire cyclic homology of {A, S) is computed by the 
(reduced) X-complex of the DG coalgebra {Be{A), —b' + S). Equivalently, the 
analytic tensor algebra TA becomes a DG algebra with the induced action of 
S, and the total complex X{TA) computes the entire cyclic homology of {A, S). 
Again, the connection and curvature method goes over to this situation just 
by taking into account this extra differential, and provides characteristic maps 
between the cyclic homologies of DG algebras. 



4 Hopf algebras 

We shall present an illustration of the generalized Chern character in the context 
of Hopf algebras. Our aim is to show that the universal cocycles constructed 
in section yield characteristic maps with values in the cyclic homology of 
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Hopf algebras in the sense of Connes-Moscovici 0, [l], |l|l. Let H be a Hopf 
algebra provided with a character 5 : H ^ C such that the twisted antipode 
Ss — S * S is involutive. We adopt Crainic's interpretation [|l^ of the Hopf 
algebra cyclic bicomplex as a quotient of the cyclic bicomplex of the coalgebra 
Ti. by the subspace spanned by (5-coinvariant cochains (see below). By duality, 
the cyclic bicomplex of multilinear maps from to C restricted to the subspace 
of (^-invariants is still a cyclic bicomplex, computing the periodic cyclic homology 
of H denoted HP^{n). 

Given a complete bornological algebra A, we introduce the set of 7i-equivariant 
"if-cycles" \l/^(^, C). It corresponds to quintuples £ = {C,£^ ,t, p, D), where 
C is an auxiliary Z2-graded 7i-algebra, p : A C an homomorphism and 
D E C a Dirac operator with heat kernel. The ideal ^""^ C £ is stable by the 
action of Ti. and r : — > C is a (5-invariant graded trace of homogeneous 
degree, that is, T{h{x)) — S{h)T{x) for any h £ H, x e £^ . Using a suitable 
Quillen superconnection, we show that a formula analogous to the bivariant 
Chern character of section || gives rise to an homotopy invariant characteristic 
map 

ch(£) : HE^iA) ^ HPt+\,\{n) (149) 

under some 0-summability hypotheses on £. This construction contains the 
Connes-Moscovici characteristic map |lO| as a very special case (it corresponds 
to the purely algebraic situation D — Q). 

Let be a (trivially graded) Hopf algebra. We shall consider that Ti is 
endowed with a complete homology. In some situations however there is no 
relevant topology or homology and all constructions involving Ti are performed 
purely algebraically. This is the case for example when is a discrete algebra 
acting by unbounded operators on a Hilbert space (section H). In this case we 
endow Ti with the fine homology [ p9| , that is, the homology generated by the 
elements of Ti. Thus a set is small iff it is contained in the convex hull of a finite 
number of points in Ti. This homology is a always complete, any linear map on 
Ti is automatically bounded, and the completed tensor products coincide with 
the algebraic tensor products. Hence there is no restriction by considering Ti 
endowed with a complete homology. 

Denote by 1 G Ti the unit of Ti and e : Ti ^ C its counit, related by the 
condition e(l) = 1. The coproduct A : Ti — > Ti®Ti (with completed tensor 
product) is written according to Sweedler's notation [ [l2| 

A/i = ^ /i(o) «) , yhen, (150) 

so that coassociativity (A (g) id) o A = (id (g) A) o A reads 

X]'^(0)(0) 'X' /l(0)(l) «) = ^/l(0) «> /J(1)(0) /i(l)(l) 

More generaly, applying the coproduct n times we write 

A"ft. ^ft,(o) (g) «) . . . (g) /i(„) , V/ieTi. (152) 
Recall the compatibility relations with the counit 

£(/i(o))^(i) = ^^(0)^(^(1)) = ^ ' (153) 
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and with the product 

A{h^h^) ^ A{h^)A{h'^) yh\h'^en, A1 = 1®1. (154) 

Finally, let S : H ^ H he the antipode. By definition it is a bounded linear 
map verifying the relation 

si\o))hi) = ho)Si\i)) = eih)i , men. (155) 

We also recall the basic properties of 5*: 

Sih^h^) = S{h^)S{h^) , AS{h) = J2 Sih{i)) ® S'(/i(o)) , 
e{S{h))=e(h) , 5'(1) = 1 . (156) 

Now let H — Kere be the augmentation ideal. Since e(l) = 1, the Hopf algebra 
splits linearly: H = C © 7Y, with C the line generated by the unit. As in 
section || for coalgebras, it follows that the dual space Hom(7i , C) is canonically 
an augmented associative algebra: let B he the space of bounded linear maps 
H C vanishing on 1 e H. Then it is an associative algebra for the product 

{hb2){h) := ^6i(/i(o))62(/i(i)) , yb,,eB, hen. (157) 

The linear splitting of H allows to identify B with Hom(7Y, C) and the augmented 
algebra B = C (B B with Hom(7i,C). We first define the cyclic cohomology of 
Ti. viewed as a coalgehra only (with linear splitting), by dualizing formally the 
construction of the cyclic homology of the algebra B. By formally, we mean for 
example that an algebraic tensor product like S®" is replaced by the space of 
linear maps Hom(7i®",C), and all operators acting on i3®" are transposed to 
according to formal manipulations. For any n > 0, we introduce the space 
of n-cochains C"(7i) and its normalized subspace C"(7i) 

C"(H) = , ^"(H) - H®7Y®" . (158) 

This leads to the following dictionnary: 




Hom(H, C) 
Hom(H,C) 
Hom(C'"(H),C) 
Hom(C"(7^),C) 



(159) 



where ri"i3 = B (E) B^"^ is the space of n-forms over B. Thus, the operators d, 
b, K, B defined on il^B can be transposed into operators acting on the space of 
normalized cochains C"{'H). Let us start with the Hochschild operator b. Its 

action on the subspace ri"S C is the restriction of the following map 

h : ^ ^®n^ ^2 ^ 0: 

b{xo ® . . . (g) Xn) = XqXi X2 <E ■ ■ ■ <E Xn — Xq X1X2 ® . . . ® X„ + . . . 

. . . +(-)""^Xo (g) ...(g) Xn-lXn + {-TXnXQ ® Xn-l , (160) 

for any Xi S B. Hence at the dual level, we may use the coalgebra structure of 
n to get the transposed operator b : C'in) C"+i(H), b"^ = 0: 

b{h° (g) . . . (g) h"-) ^ Ah° (g> (g> . . . (g) h"- ^ h° (g) Ah^ (g . . . (g h"" + . . (161) 

. . . +(-)"/i" ® . . . ® A/i" + (-)"+! Y Ki) ® ■ • ■ ® ^(0) : 
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for any S H. The decomposition Ti — C ® Ti implies that C"'(H) sphts 
into the direct sum of C"{H) and its orthogonal C^{H) spanned by elements 
® . . . ® such that at least one of the /i"s, i > 1, is proportional to 
1 € 7i. Hence C'^iTi) is canonically isomorphic, as a vector space, to the 
quotient C"/C'". Since Al = 1(8)1, it follows that C^{H) is stable by 6, whence 
an induced boundary map b : (^"(H) C'"+i(H) with b"^ = 0. 
Next, the differential on non-commutative forms d : 17"^ — > transposes 
to d : C"{n) C''-^{n) simply by 

d{h° (g) ...(g) hJ") = e{h'^)ri' (8 ... 8) ft" , = , (162) 

for any ft" G and ft* G 7Y. As usual, we introduce the Karoubi cyclic operator 
K : C'^{n) C'^iU) and Conncs boundary map B : C"{n) C"-^{n), which 
are the transposed of the usual operators on ilB: 

K = l^{bd + db), B = do(l + K + ... + K""^) onC'"(H) , (163) 

with the relations b'^ = = Bb + bB = 0, kB = B = Bn. 

Definition 4.1 Let TL he a Hopf algebra. The periodic cyclic cohomology ofH 
viewed only as a coalgebra is computed by the direct sum complex 

C*(7i) =0C"(H) (164) 

ri>0 

endowed with the total differential {b + B). At the dual level, the periodic cyclic 
homology of the coalgebra Ti is computed by the direct product complex 

C*{n) = Y[ Hom(C'"(7^),C) (165) 

n>a 

with differential the transposed of (b + B). 

So far we have only exploited the coalgebra structure of H and its unit. We 
now take into account the product and antipode in order to get the cyclic 
cohomology of TC viewed as a Hopf algebra. First, it is necessary to fix another 
datum, namely a character (bounded algebra homomorphism) S : Ti. —^ C, 

5(ftift2) = (5(fti)5(ft2) , yh\h^ en . (166) 

Then define the twisted antipode 6*5 : ?i — > 7i by convoluting the ordinary 
antipode with the character: 

55(ft) = ^J(ft(o))ft(i) , Vhen. (167) 

Direct computations show that the twisted antipode fulfill the following rela- 
tions: 

Ssih^h^) = Ss{h^)Ss{h') , ASsih) = S{h^i)) <g Ssih^o)) , (168) 
Y^Ss{h(^o))h(_i) = S{h)l , e o Ss = S , S o Ss ^ e , 5^(1) = 1 . 

The following important lemma is due to Crainic p^: 
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Lemma 4.2 For the twisted antipode Ss ■ Ti. Ti., the following two conditions 
are equivalent: 

Ss = id-H ; 
^55(/i(i))/i(o) -<5(/^)l VheH. 
Proof: See H. ■ 

Let us now introduce the space of (co)invariants. The space of normalized 
cochains C"'{TL) is naturally a left 7i-module for the diagonal action: 

h ■ {h° ® . . . ®hJ^) = ^ h(^o)h° (g) (g) . . . (g) /i(„)/i" , (169) 

for any h ^ Ti and h" (g) h^ (g) . . . (g) h" € C"{H). This action is well-defined 
because Ti = Kere is an ideal in H. We denote by Cg^{'H) the quotient of 
C"{'H) by the subspace of J-coinvariants (i.e. the subspace spanned by the 
elements h ■ x — 5{h)x, for any x e C'^{'H), h £ H): 

C2{n) = C'"(7^)/(5-coinv . (170) 

By duality, the space of linear maps Cn{Ti-) = Hom(C'"(W), C) is a right Ti.- 
module: 

(/ • h){h^ g)¥ g) . . . g)h") = f{h ■ {h° g)h^ g) . . . g) h")) , (171) 

for any / G CniH) and h £?{. We denote by C^iji) the subspace of J- invariant 
chains: 

f eCiin) f ■h^S{h)f yheH. (172) 

The following proposition is the fundamental result leading to the cyclic coho- 
mology of Hopf algebras ||l^, ^ . Under the present form it is adapted to the 
normalized framework: 

Proposition 4.3 Let TL he a Hopf algebra, 5 : Ti. ^ C a character and Ss 
the twisted antipode. If Sg = id, then the operators d, b, k, B defined on the 
complex of cochains C*(Ti.) pass to the quotient by coinvariants Cg{Ti.). Thus 
Cg{Ti.) endowed with the boundaries b and B is a mixed complex. By duality, 
the subspace of invariant chains C^{Ti,) is stable by the transposed operators 
d, b, K, B, whence a mixed complex. 

Proof: The Hopf algebra H acts on the non-normalized space of cochains C" (7i ) 
by the diagonal action. We first show that the subspace of coinvariants 

comv{C") ^ {h ■ X - d{h)x \ hen,x &C"{H)} 
is stable by the Hochschild operator b: 

b(h° g) ...gjh"^) := Ah^ g>h^ g) ...gjh"" -h^ g) Ah^ g) ...g>h" + ... 
. . . -f (-)"/i" ® . . . ® A/i" + (-)"+! J2 ^h^'-'h^'g) /i^o) • 

Remark that in the above expression, b involves operators of the form id (g . . . g) 
A (g ... (g id and, only for the last term, a cyclic permutation of n -|- 1 elements 

h° g)h^ ...g) ^h^ g)... g) ft" . 
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Hence it is sufficient to show that the coinvariants of C'^{T-i) are stable under 
these operators. From the properties of the coproduct, it is easy to see that the 
action of Ti. commutes with the former operators: 

h- {h° ® ...l\h^ ® ...^K^) = 

= X! '^(0)'*° ® h(i)h\^-^ (g) (g) . . . (g) hf^^j^i^h^ 

= (id (g) . . . (g A (g) . . . (g id)(ft. • (g) . . . (g /i")) , 

for any h £ n and hP ® . . . ® h"- e C"(H). The only difficulty thus comes 
from the cyclic permutation. This is the critical step involving the involution 
condition 5| = id. We have to show that, modulo (5-coinvariants, 

gi h(2)h'^ ® ■■ ■ h(n)h'^ ® 'i(o)^" = 5{h)h^ g) /i^ g) . . . /i" g) ft,*^ mod coinv . 

Using the properties of the counit and the relation 5 o Ss ^ £^ we have 

^ g) h{2)h^ ® ■■■ h'(n)h'" g) ft.(o)/i° = 

= ^e(ft.(l)) /l(2)/l^ (g /l(3)^^ g" • . ./l(„+i)ft." g) /l(0)^° 

= S{Ss{h(^i))) h(2)h^ (g /i(3)/i2 (g . . . /i(„+i)/i" (g /i(o)/i° 

= X! ^s{h(^i))(o)h{2)h^ <^ 'S'5(/i(i))(i)/i(3)^^ • ■ • 

. . . g) S'5(ft.(i))(„_i)/i(„+i)/i" g) S'5(/i(i))(„)/i(o)^° mod coinv . 



Next, the second relation of (168) implies for any ft, e 

Ss{h)(o) (g . . . (g S'5(/i)(„_i) (g S'5(/i)(„) := A"S'5(/i) 
= Y S{h(^^)) (g . . . (g S'(/i(i)) (g Ssih^a)) 

hence we can write 

Y ^s{h(i))(o)h(^2)h^ <^ 'S'5(ft(i))(i)/i(3)ft^ (g) ... 

n) "(0) 

= y] S'(ft(l)(„))ft(2)/l^ gi S'(/l(i)(„_i))ft(3)ft^ g) . . . 

• • • <5'(ft(l)(l))ft(„+l)ft" g) 5'5(/l(i)(o))ft.(o)/i° 

. . . g) S'(ft(2))/i(2ri+l) /l"'g55(/l(i))/l(o)ftV (173) 

by reindexing the subscripts of h. Using repeatedly the relation S'(/i(o))^(i) = 
e(/i) starting from the left, we have 

X S'(/l(„+l))ft.(„+2)/l^ g) 5'(ft,(„))/l(„+3)ft^ g) . . . 

. . . g) S'(ft(2))/i(2«+l)/l" ® S'5(ft(l))/l(0)ft° 
= ^ftl®S'(ft(„))/l(„+i)/l2g)... 

. . . g) 5(^(2) )/i(2«-i)/i" ® Ss{h(^i))h^Q)h° 
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= ^ /l^ (g) /l^ (g) . . . (g) 5(/l(2))/l(3)/l" (g S'5(/l(l))/l(0)/l° 
= ^ft,^g)/l^g)...g)/l"g)S'5(/l(i))ft,(o)ft.° 

= ^ (5(;i) /i^ (g /i^ g) . . . (g /i" (g , (174) 

where the last equahty comes from the condition >S'i(/i(i))/i(o) = S{h)l, equiv- 
alent to Sg = id by lemma 4.2. Thus we have proved that coinv(C") is stable 
by b. Using the fact that the direct factor C^{'H) in C"'{'H) is stable by b, the 
canonical isomorphism 

Cl\H) = C''[n)/{Cl + coinv(C")) , 

implies that h is well-defined on {Ti.) . 

Consider now the diflFerential d : (^"(H) ^ C'^-^iH). One has 



• (ft." (g /i^ g) . . . (g /i")) = y]£(/i(o)ft'^) (g . . . (g /i(„)ft' 



^ e(/(,°) ft(o)/i^ g) . . . «) ft(„-i)ft" 

ft • (d(ft° ® ftl g) . . . ® ft")) , 



hence d preserves the coinvariant subspace of C^CH) and passes to C^iTi-)- Since 
the other operators k, B are made out of h and d, we have proved the proposition 
for Cg{H). The stabihty of the invariant subspace C^{H) under the transposed 
operators is just the dual statement. ■ 



Definition 4.4 Let TL be a complete bornological Hopf algebra, (5 : 7i — > C 
a character and Ss the twisted antipode such that Sg = id. The periodic 
cyclic cohomology of Ti. is the cohomology of the Z2 -graded complex Cg (Ti.) = 
®n>o^sO^) of cochains modulo coinvariants, endowed with the total boundary 
{h+-B): 

HP*g{n) = H*{Q{n)) , * = 0, 1 . (175) 

The periodic cyclic homology of Ti. is the homology of the Z2 -graded complex 
of S -invariant chains C^{Ti.) = Jln>o ^n(^) endowed with the transposed of the 
total boundary (b -f B): 

HP^in) = H,{Ct{n)) , * = 0, 1 . (176) 

Remark 4.5 In fact the quotient Cg{'H) is isomorphic to the vector space 
Ti®". The correspondence is given by 

ft° g) fti ® . . . (g ft" mod coinv ^ ^^(ftO) • (ft^ ® . . . g) ft") (177) 

= Ss{h°)(o)h^ ® . . . ® 55(ft°)(„_i)ft" , 

with explicit inverse 

ft^ (g . . . g) ft" 1-^ 1 g) ft^ (g . . . g) ft" mod coinv . (178) 

One can show that under this correspondence the mixed complex (C|(7i), 6, B) 
is isomorphic to the normalized complex of the Hopf algebra Ti. introduced by 
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Connes and Moscovici in |jT^. In particular in low degrees, the Hochschild 
operator b : C^{TC) = C — > Cl{Ti) = 7i vanishes, whereas Connes' boundary 
B : Cl[n) C^iH) is given by B{h) = S{h). 

As in the case of associative algebras, the cyclic cohomology of Hopf algebras 
has an X-complex interpretation. First, we view Ti. only as a coalgebra and 
formally dualize all the constructions for the algebra B: the Fedosov product 
on even differential forms Q^B is transposed into a Fedosov coproduct on the 
subspace of even degree cochains C^{H) — 0„>o C^^{H) 

&:C+{n)^c+{n)<^c+{n). (179) 

We don't need to write down explicitly this coproduct and leave it as an exercise 
to the interested reader. In fact, the trivially graded coalgebra (C'+(7i),0) 
is isomorphic to a sub-coalgebra of the completed (counital) tensor coalgebra 
TiH) = Yln>o '^^^^ vector space H, endowed with the coproduct 

n 

{h^ (»...(» h") ^ ^{h^ ® . . . (g) /i*) {h'+^ (g) . . . (g /i") . (180) 

i=Q 

The counit of {C+(n),Q) is given by the projection C+(n) ^ C°(n) = H 
followed by the counit e : Ti ^ C In particular, observe that this coalgebra 
splits linearly in the sense of section ||. As a vector space, the X-complex of 
the trivially graded coalgebra (without differential) C^{Ti) is isomorphic to the 
direct sum of even and odd cochains C'^{Tl) © C~{H) = C*{Tl): 

c*(n)'^ x(c+{n)) : c+(n) niC+(n)'^ . (181) 

at] 

The boundary maps (3 and d\] induced by this isomorphism are given by the 
transposed of (|l03| ), up to a sign: 

-p = b-d{l + K) on C^'^in) (182) 

2n n 

d\] = d"^K'-b^K^' on C'2"+i(H) . 

The sign in front of /? comes from the conventions used in the definition of the 
X-complex for coalgebras (section |2|): morally, the transposition of the structure 
maps from the AT-complex of algebras to the X-complex of coalgebras is done in 
the graded category. As in the case of algebras, the (6 + i3)-complex of cochains 
C*{n) is homotopy equivalent to the X-complex {X{C+{n)), -(3 ® d\i) via the 
map cPi : C*{H) — > X(C'+(H)), where Pi is the spectral projection for the 
eigenvalue 1 of the Karoubi operator (a polynomial in k, for each degree 
C'^iU)), and c : C*{n) X{C+{n)) is the rescaling 

c{h" (g)h^ (g) ...(g)h") = (-)["/2][,i/2]!/i0g,/ii(g,...g,/i" . (183) 

We now take into account the full Hopf algebra structure and project C*{Ti) 
onto the quotient by coinvariants Cl{'H). In the same way, 7i acts on the vector 
space X{C^{Ti)) by the diagonal action and we define the quotient 

Xs{C+{n)) = X{C+{n))/5-coiYw . (184) 
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Then if 5"! — id, all the operators d, &, k, B and Pi of C* {Ti) pass to the quotient 
Cg{TL). Similarly for the X-complex, all maps descend to Xs{C'^{T-i)), and 
we get as before an homotopy equivalence cPi : Cg{H) Xs{C^{H)) in the 
coinvariant setting. Thus the periodic cyclic cohomology HPgiJi.) is computed 
by Xs{C^{H)). Similarly, the periodic cyclic homology of H. is computed by 
the complex Hom(X5(C''*'(7i)), C), with differentials induced by 

fod^, V/eHom(C+(7^),C) , (185) 
67 := -70/3, V7 e Hom(17iC'+(7^),C) . 

The transposed of cPi induces a homotopy equivalence between the complex 
Hom(X5(C'+(H)), C) endowed with the differential (t] d0 6), and the complex of 
Hopf cyclic chains Hom(C'|(H), C) — C^{H) endowed with the boundary (b+B). 

We shall now introduce the algebraic notion of "7i-equivariant iiT-cycle" for 
a bornological algebra A, and associate to it a characteristic map HE^{A) 
HP^{Ti). The construction is formally identical to the bivariant Chern charac- 
ter of section ^ on "^{At B) (see remark 3.7), with the bornological algebra B 



replaced, at a dual level, by the Hopf algebra Ti. 
We first have to introduce Hopf actions. If £ is a complete bornological algebra 
and 7i a complete bornological Hopf algebra, a left action of Ti is given by a 
bounded map TL®C C, {h^ x) 1-^ h{x), such that 

{h^h'^){x) = h\h^{x)) yh'eH,xe£, (186) 
H^y) = ^tT'(a){x)h(i){y) yheH,x,yeC. 

If C is Z2 -graded, we assume that the action of H preserves the grading. If £ 
has a unit, we assume h{l) = e{h)l, Vh e Ti. 

Definition 4.6 Let A be a trivially graded complete bornological algebra. Let 
Ti. be a complete bornological Hopf algebra, provided with a character 6 : Ti ^ C 
The set ofH-equivariant K -cycles ^'^(^, C) of degree « = 0, 1 over A consists 
in quintuples E — {L,i^ ,t, p,D) such that: 

• C is a unital 1i2-graded complete bornological algebra provided with an Ti- 
action; 

• C C is a two-sided ideal endowed with its own complete bornology, stable 
by the action of Ti. on C; 

• T : £^ —> C is a bounded 6-invariant trace of degree i on the C-bimodule 
£\ that is, r([£,£i]) = and T{h{x)) = S{h)T{x) for any h e H, x e t; 

• p : A-^ C is a bounded homomorphism of even degree; 

• D ^ C is an odd element (Dirac operator) provided with a heat kernel 
H G £[0, 1], with H{0) = 1 and H{t) = expl-tD^) e £^ for any t > 0. 

One defines in the obvious fashion the sum of two elements of ^'^{A,€.). A 
smooth homotopy between two Ti-equivariant elements £q = {C, £^ ,t, po, Dq) 
and El ~ {C, £^ ,t, pi, Di), where C is endowed with the same action of Ti., is 
given by an Ti-equivariant interpolations — (£[0, 1], ^^[0, 1], r (g) id, p, 13), where 
the action ofTi on the suspension £[0, 1] is constant, and evfop = pi, evfD = Dt 
fort = 0,1. 



40 



Let £ = {C,£^ ,T, p, D) be an element of \&^(^, C). Consider the entire DG 
bar coalgebra Ci — B^{A) endowed with its differential —b', together with the 
trivially graded coalgebra C2 — C'^{H) of even degree cochains provided with 
the Fedosov coproduct 0. Here H is considered only as a coalgebra. We work 
in the DG convolution algebra Hom(Ci(g)C2, >C) with differential 5i induced by 
-b': 

5if = -{-^)\f\fob' , V/eHom(Ci0C2,/:) . (187) 
The homomorphism p : A ^ C induces another homomorphism 

p : A Yiom{n, C) , a e A ^ (h e H ^ h{p{a)) € (188) 

with target the convolution algebra Hom(7i,£), where Ti. is viewed only as a 
coalgebra. The Hopf action on C shows that p is indeed an homomorphism: 

{p{aoai)){h) = h{p{aoai)) = h{p(ao) p{ai)) = ^ ft,(o) (p(ao))ft.(i) (p(ai)) 
= ^(p(ao))(V))(p(«i))(^i)) = (p(ao)p(ai))(/i) , (189) 

where the last equality comes from the definition of the convolution product on 
Hom(7i, C). Next, we may view p as a Zmear map A®Ti. — s- C (here Ti. enters only 
as a coalgebra), and use the natural projections pi : Ci = B^{A) — > Bi{A) — A 
and p° : C2 = C^{H) C°{H) = H to get a bounded linear map 

C10C2 Am^c. (190) 

Hence we consider p as an odd degree element of the DG convolution algebra 
Hom(Ci(8)C2, £). In the same way, define the element D G Hom(7i,£) by 

D{h) = h{D) yhen , (191) 

and regard it as an odd element of Hom(Ci0C2, £) via the composition 

where 77 : Ci ^ C is the counit of Bg{A). We introduce now the Quillen 
superconnection 

A = p + D e Hom(Ci ®C2,£)- , (193) 

and its curvature 

F = diA + A^ e Hom(Ci 0C2,/:)+ . (194) 

To become familiar with the notations, it is instructive to evaluate explicitly 
the curvature on the elements of Ci<§)C2 = Bf{A)'S)C'^{H). Since the coalgebra 
C~^{Ti) replaces formally the algebra B of section || in a dual fashion, we can use 
formula ( |119| ) provided the differential forms over B are reinterpreted as chains 
over H: 

& G Hom(C'°(H),/:) 

+ [D,p\ G llQxn{A®C°{n),L) 

F = i +dDdD G Hom(C'2(H),/:) (195) 
+dDdp + dpdb G Hom(^(g)C'2 {U) , C) 

+dpdp G }iom(B2{A)(E)C^{n),C) ■ 
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For any elements ai 
evaluate explicitly 



an e Bn{A) and h° (g) /i^ 



./i" e C^in), we 



F(ai (g> h") = 
F{ai ® {h° (»h^(E) h^ j) = 
i^((ai (g) 02) (gi (8) /i^ (gi /i^)) = 



[D,p{a^)]{h°) = h°{[D,p{a,)]) , 
dDdD{h° ®h^) ^ e{h°)h^(D)h^{D) , 
{dDdp{ai) + dp{ai)dD){h° (g /i^ (g h^) 
e{h")Ch\D)h^{p{ai)) + h\p{a^))W {D)) , 
{dp{ai)dp{a2)){h° (g /i^ (g /i^) 
£(/i0)/ii(p(«i))^'(p(a2)) . (196) 



Since we want to take the exponential of F in the convolution algebra, we are 
led to the following definition of 0-summability: 

Definition 4.7 Let A andTL be respectively a complete bornological algebra and 
Hopf algebra, £ = {C,£^ ,t, p, D) an element of 'i''^ {A, C) , A — p + D the asso- 
ciated superconnection in the DG convolution algebra Y{oia{B e{A)®C'^ {Ti) , C) , 
and F its curvature. Then £ is called 9-summable iff the exponential of F con- 
verges in the convolution algebra towards a bounded map 



eM-F) : B,{A)®C+{1-L) 



(197) 



Two 9-summable elements £0 and £1 are smoothly homotopic iff there exists a 
9-summable interpolating element. 

Fix a 0-sunimable element £ G 'i/^{A,C). We construct a bivariant Chern 
character for the superconnection A in exactly the same way as in section |[ 
the only difference being the formal replacement of i3 with Hom(7i, •), etc... For 
convenience, let us translate explicitly the construction into this new setting. 
Introduce the differentials and partial traces 



di 
d2 

^1 

Then we have 



Hom(Ci(gC2,£) ^ Hom(rJiCi(gC2,/:) , 
Hom(Ci(gC2,/:) Hom(Ci(gl7iC2,£) , 
Hom(rJiCg)C2,/:) Honi(rJiC''(gC2,/:) , 
Hom(Ci(gr2iC2,/:) ^ Hom(Ci(gl7iC^,£) , 
Hom(rJiCi(gl7iC2,/:) ^ Hom(r2iCS(griiC^,£) . 



(198) 



d2A 



dzF 



Hom(f7iCi(gC2,/:) , 
Hom(Ci(gf]iC2,/:) , 
Hom(Ci(gC2,^^) , 



(199) 



because £ is 0-summable. Again, formula (123) computing explicitly the expo- 
nential of F in the convolution algebra Hom(i3e(^)(gC"'"(7i), ^"'^) still holds. 



E 

n>0 



ds\ . . . dsn e 



-soD^ 



He 



H . 



(200) 
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with H = -[D,p\ - d{p + D)d(p + D) + ^/~^d{D'^ + [D,p]) interpreted as in 



(195). Then, the components of ch(A) are given by 

Hom(Ci ®C2j^) 3 ch°{A) = e-'' , 

Honi(l]iC;«)C2,^^) 3 ch;(A) = -tjidiAe-^ , 

Hom(Ci (g) nxC\j^) 3 chj(yl) = [jae-^daA , (201) 

Hom(niCS(g)fliC^,^i) 9 chj(yl) = -tll2dlAe-■^d2A- 



JA2 



and applying the trace r : f ^ — > C, we get a cocycle 

rch(A) G Honi(X(Ci)(»X(C2),C) . (202) 

We may compose rch(yl) with the homotopy equivalence cPi : C*{H) ^{C2) 
defined on the {b + _B)-complex of cochains on the coalgebra TC, and use the 
identification of the reduced X-complex X{Ci) with the (6 + i3)-complex of 
entire forms fleA. This yields a chain map 

Tch(A) o cPi : n^A Hom(C*(H),C) = C^{n) (203) 

from {fl^A,b + B) to {C^{'H),b + B), of parity |t|. The point is that the im- 
age of this map actually lies in the (5-invariant subspace of C^,{'H), which is a 
subcomplex computing the cyclic homology of Ti. considered as a Hopf algebra 
whenever the twisted antipode Ss verifies the involution condition. 

Theorem 4.8 Let A be a complete bornological algebra, Ti. a complete bornolog- 
ical Hopf algebra and S : Ti. ^ C a bounded character. If Sg — id, then any 
9-summable elements = {C,£^ ,t, p, D) of'i'l^{A,C) gives rise to a character- 
istic map 

ch(£) : HEj{A) HP^^^iH) , j G Z2 , (204) 

where ch(£) is represented by the chain map Tch{A) o cPi, with A = p + D 
the superconnection associated to £. This characteristic map is additive and 
invariant for smooth homotopies of p and D. 

Proof: The (5-invariance of the cocycle Tch(^) e Hom(X(Ci)^X(C2), C) is a 
direct consequence of the construction. Let h^ ®h} ® . . . ®h^ € C"{Ti) be 
a coalgebra n-cochain. Using the isomorphisms X{Ci) = ^.^A and X{C2) = 
C"{'H), the evaluation of ch.{A) on this cochain is a bounded linear map ^l^A 

ch{A){h° ® /i^ ® . . . ® /i") e Romin.A, f) , 
whose further evaluation on a p-form aodai . . . dop € fl^A yields a polynomial 

n 

Q = h"{Qo)l[h\Qi) G £i , 

1=1 

where the Qi's are polynomials in the Dirac operator D, the heat kernel e^*^^ 
and the p{aj)'s. li h £ H acts on /i° (g) ft.^ (g) . . . (g) /i" by the diagonal action, Q 
changes into 

n 
i=l 
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hence applying the J-invariant trace t : £^ C, one sees that 

Tch{A){h ■ {h° (g> ¥ (g) . . . (g) h"-)) = S{h)Tch{A)ih° (g) /i^ (g) . . . Ji") . 

This shows that the target of the chain map rch(j4) o cPi : il^A — > Cit{TL) lies 
in the (5-invariant subcomplex of Hopf cyclic chains. The homotopy invariance 
with respect to p and D \s a. consequence of the existence of a transgression 
formula in the total complex Hom(r2e^(g)C'*(7i), il[0, 1]) analogous to the proof 



of theorem 3.6, compatible with the (5-invariance as before. 



Example 4.9 The characteristic map (204) is a far-reaching generalization of 



the Connes-Moscovici map introduced in [|10[. The latter corresponds to the 
following particular case. Let A and H be as in the theorem. Suppose further 
that 7i acts on A and t : ^ ^ C is a J-invariant trace. Set C ^ — A, and let 
p : A^ Ahe the identity homomorphism and D = 0. Then £ — (£, l"^ , r, p, D) 
is an element of ^'J^ {A^ C) , and the characteristic map ( ^04[ ) actually factors 
through the periodic cyclic homology of A, 

ch(f ) : HP,{A) HP^{H) , (205) 

because this situation is purely algebraic. In fact it is defined for any 7i-algebra 
A not necessarily bornological. Then ch(£) is the characteristic map of Connes- 
Moscovici associated to A, H and the (5-invariant trace r. 

Remark 4.10 The whole construction can be dualized with H a complete 
bornological Hopf algebra coacting on C. In this case, Ti replaces exactly the 
algebra B of section while adding some extra structure (invariance with re- 
spect to coactions). The previous character S : Ti. C must be dualized into a 
group-like element a € Ti., and the twisted antipode corresponds to the product 
Sa{h) — aS{h). In particular, the (augmented) (6, i3)-complex of entire chains 
rieTY is endowed with a left coation A; : il^H T-i®D,^'H coming from the 
coproduct, 

Aiih^'dh^ . . .d/i") = J2^h"io)Ho) • ■ - /^ro)) h1i)dhl) ■ ■■dhfi) > (206) 

and the subspace of cr-invariant chains 

A; (h^dh^ . . . d/i") =a(g) h"dh^ ...dh"- (207) 

is a (6, i3)-subcomplex iff 5^ = id. We denote by HP^{T-C) the correspond- 
ing periodic cyclic homology. Starting from a quintuple £ = {C,i^,T, p, D) in 
^i(.4, C) such that £ and are endowed with a coation of H and t is a cr- 
invariant trace (i.e. t{x) —^ ar^x) under the coaction), an obvious modification 
of the construction above yields a characteristic map 

ch{£) : HE^{A) HP^^^{n) . (208) 

This dual formulation is well-adapted to Hopf algebras viewed as algebras of 
functions over a quantum group, instead of algebras of operators (enveloping 
algebras). It should be possible to generalize the construction with a modular 
pair (cr, S) as introduced by Connes-Moscovici [jll], |l^ , which allows to replace 
the invariant trace r by a Haar measure on H. This may presumably have some 
applications in the theory of locally compact quantum groups in the sense of 
Woronowicz B^l. 
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The entire cyclic homology of A is the natural target for the Chern character 
on topological if -theory ||2^ . The definition of topological i^T-theory for complete 
bornological algebras follows the definition of Phillips for Frcchet algebras |^ . 
Let 6 be the algebra of infinite matrices (a^ij )i,iGN over C with rapidly decreasing 
entries. It is a Frechet algebra for the family of norms p„ 

Pn{{x^,))^Y.(^ + ^ + Jr\x..J\ . (209) 

Given a complete bornological algebra A, we first stabilize by taking the com- 
pleted tensor product A^i, add a unit to the resulting algebra, and consider 

the unital algebra of 2 x 2 matrices A = M2(C)(g)(^(X)?). Then the topologi- 
cal -theory of even degree Kq°^{A) is the set of smooth homotopy classes of 

idempotents e e A such that ^ ^ ^ q ) ^ M2{C)(E)A(E)i. The direct sum of 

idempotents turns kI°'^{A) into an abelian group. Meyer shows in that the 
Chern character on even isT-theory is a well-defined additive map 

ch*°P : if*°P(^) ^ HEoiA) , (210) 

It is given in terms of the idempotent e by the usual formula (see ||]). 

The odd iiT-theory kI°^{A) is the abelian group of smooth homotopy classes 

of elements x € A(E)i such that 1 -I- a; e A^t is invertible. Again, there is a 
well-defined additive map p9[ | 

chfP : Kl°'P{A) ^ HEi{A) . (211) 

As a consequence of the above theorem, we get a pairing between the set of 
homotopy classes of equivariant _ftr-cycles over the complete bornological algebra 
A and its topological if-theory: 

Corollary 4.11 Let A be a complete bornological algebra, andTL be a complete 
bornological Hop} algebra provided with a bounded character S : Ti. C such that 
the twisted antipode Ss is involutive. Then there is a bilinear pairing between the 
topological K -theory of A and the set of smooth homotopy classes of 9-summable 
Ti,- equivariant K -cycles ^^'^(yl, C) , 

P(^) X ^f\A, C) ^ HPf^^in) , J, J e Z2 , (212) 

with values in the periodic cyclic homology ofTi. Given a representative £ G 
^^'^(yl, C), its pairing with K -theory is obtained by composing the characteristic 
map ch{£) : HE^{A) HPt^AU) with the Ch ern character on K\°'^{A). ■ 



5 Secondary characteristic classes 

We shall now consider the same situation as in the previous section, but re- 
strict ourselves to Hopf algebras acting by the ajoint representation. Let A 
be a complete bornological algebra and Ti. a Hopf algebra with involutive an- 
tipode. We choose the character 5 : — > C simply equal to the counit e. 
If £ = {C,£^ ,T, p, D) g 4'^(^, C) is an H-equivariant if-cycle such that H 
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acts on £ by the adjoint representation, the image of the characteristic map 
ch(£') : HE^{A) HP^{n) is contained in the trivial factor C C HP^{H). This 
imphes that the action of H is unfortunately not detected by ch(£'). However, 
in some circumstances this leads us to exhibit secondary characteristic classes. 
Since this goal requires some analysis, we must consider that all algebras are 
represented as operators acting on a Hilbert space. For any integer p, we define 
the set of p+-summable H-equivariant spectral triples E^(^, C). Such elements 
£ are given by triples {A, ?),D) in the sense of Connes' non-commutative geom- 
etry g: i5 is a separable Hilbert space; D is an unbounded selfadjoint operator 
with compact resolvent (Dirac operator), such that (1 + _d2)-(p/2+£) jg trace- 
class for any e > (we call this property p+-summability); and A is represented 
as bounded operators on 9) such that the commutator [D, a] is bounded for any 
a £ A. In addition, the Hopf algebra H acts on by (possibly unbounded) 
operators, but we assume that the adjoint action of Ti. on the Dirac operator 
induces only bounded perturbations of D, and that [h,a] = = [h, [-D, a]] for 
any h £ Ji, a ^ A. Under some extra analytical conditions, this gives rise to 
secondary classes 

i^{£) : HaM) HC'^-p{n) , Vn > , (213) 

defined on the non-periodic cyclic homology HCn{A), with target a cyclic ho- 
mology of H obtained from the vertical filtration of its cyclic bicomplex. Re- 
markably, these classes are still invariant with respect to (at least) bounded ho- 
motopies of the Dirac operator. They are not homotopy invariant with respect 
to the representation homomorphism p : A End(i]) (the functors HCn are 
not homotopy invariant). As a consequence, we get induced characteristic maps 
on the higher algebraic _fC-theory of A pH rather than the topological X-theory. 

Let be a Hopf algebra endowed with a complete homology, such that its 
antipode is involutive: S*^ = id. This allows to choose the character S : H ^ C 
simply equal to the counit e, so that the twisted antipode Sg coincides with S. 
The corresponding periodic cyclic cohomology (resp. ho mology) is thus denoted 



HP*(Ti) (resp. HP^{Ti)). Recall that from remark |4.5| , for any character S the 



Hochschild coboundary operator on the Hopf cochains of degree zero vanishes: 

b:cUn)^c^ cl{n) = -H , Ah^o, (214) 

(Ti. — Kere) whereas Connes' boundary map B on one-cochains is given by 

B:CUn)^C°{n) , h^6{h), (215) 

for any h G H. Hence in the present case S — e, one has B(h) = 0. It follows 
that the (6, i3)-bicomplex of Hopf cochains C*{Ti.) = ®„>oC'"(H) splits into 
the direct sum of complexes 

c;in) = c ® c^{n) , (216) 

n>l 

where C is the trivial complex, and similarly for the bicomplex of Hopf chains 
Cliji.) = C nn>i Hom(C'"(H), C). As a consequence, the periodic cyclic 
homology of Ti splits in even degree, 

HP^{H) = C © HPl{n) , HPl{H) = HP\{n) , (217) 
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and similarly for cohomology. We call HPliTi) the reduced (periodic) cyclic 
homology of Ti.. 

Let A he a complete bornological algebra, and £ — {C,£^ ,t, p, D) an Ti- 



equivariant i^T-cycle in 'i>l^{A, C), z = 0, 1 (definition 4.6). We recall that Ti, acts 
from the left on the auxiliary algebras £, £^ and t : ^ C is an e-invariant trace 
of degree i, that is, T{h{x)) = £{h)T{x) for any x ^ £^ , h E H. If £ is 0-summable, 



then theorem 15 yields a characteristic map ch(£) : HEj{A) HP^j^^fJi.) for 
any j e Z2. Using the sphtting HP^{H) = C® HP'l{H), the characteristic map 
ch(£) splits into a C-valued component 

dfiS) : HE,{A) C , (218) 

and a reduced characteristic map 

ch{£) : HEj{A) HP^+AU) , j G Z2 • (219) 

It is easy to see that the C-valued component exactly corresponds to the JLO 
cocycle [^], whose evaluation on a n-form a^dai . . . dan S il^A reads 

df{£){andai...dan)= (220) 

(-)" / dsi . . . dsn T(p(ao)e-^°^' [D, p(ai)]e-^^^' ...[D, p(a„)]e-^"^') , 

where A„ = {(so,---s„) G [0,1]"+^ | — 1} ^^'^ standard n-simplex. 

Remark that due to the odd parity of D, this expression vanishes whenever the 
degree i of the trace t is not congruent to n mod 2, thus ch''(5) is indeed an 
entire cyclic cocycle of degree i over A. It is clear that the JLO formula does not 
involve the Hopf algebra action. All the relevant information about the cyclic 
homology of is therefore transfered into the reduced characteristic map. 
We now restrict to the case where Ti. viewed as an associative algebra is rep- 
resented in C via a unital algebra homomorphism g : Ti ^ C, and as a Hopf 
algebra, acts by the adjoint representation on C and . In the following we 
shall denote the image of an element g{h) g C simply by h when no confusion 
arises. The left adjoint action Ti®C C reads 

h- X ■.^^h(a)xS{h(i)) , yhen,xeC. (221) 

One checks easily the compatibility with the product on C, hence C endowed 
with the adjoint representation of Ti. is indeed a 7i-algebra. Furthermore, the 
two-sided ideal £^ C C is necessarily stable under this action, and any bounded 
trace r : — + C is e-invariant: 

T(h-x) = ^ r(/i(o)a;S'(/i(i))) = ^ r(S'(/i(i))/i(o)a::) e{h)T{x) , Vh E Ti , x G i'^ 

(222) 

because the hypothesis S'^ = id is equivalent to J2 '5'(/j(i))^(o) — ^W^, V/i S Ti. 
The proposition below states that if Ti acts by the adjoint representation, then 
the characteristic map ch{£) retracts onto the JLO cocycle. 

Proposition 5.1 Let A be a complete bornological algebra, Ti a complete bornolog- 
ical Hopf algebra such that = id. Let£ — {£,£^ ,t, p, D) £ ^'^(y^, C) beanTi- 
equivariant K -cycle such that Ti is represented in C and acts by the adjoint rep- 
resentation. Then the reduced characteristic map ch(£) : HEj{A) iJP^^j(7i) 
vanishes. 
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Proof: Let g : Ti. C he the representation (unital algebra homomorphism) of 
H into £. If we regard 7i as a coalgebra, the hnear map g is an element of the 
convolution algebra Hom(7i,£). The latter has a unit given by lc£- Then g is 
invertible in the convolution algebra, with inverse corresponding to the compo- 
sition g~^ — g o S £ Rom{H, C). 

We shall build an interpolation between £ and a quintuple whose Chern charac- 
ter just reduces to the JLO cocycle. Consider the unital algebra of 2 x 2 matrices 
M2(£[0, 1]) over the suspension £[0, 1] = £(^C°°[0, 1], and the associated convo- 
lution algebra Hom(7i, M2(£[0, 1])). Let /i, /2 : [0, 1] — > R be smooth functions 
over the interval, such that /i -|- /| = 1, /i(0) = 0, /i(l) = 1. We may choose 
fi{t) = t and f2{t) = \J\ — t'^ ■ Then from the homomorphism p : ^ — > £, we 
construct an algebra homomorphism 



p : Hom(?^,Af2(£[0,l])) , p(a) = 




We view p as a bounded hnear map A^H. M2(£[0, 1]), a (8) /i i-^ p{a){h). 
Next, from D we introduce an odd element: 

^ = ( ^^o ' d) Hom(H,M2(/:[0,l])) . 
For t = 1, we have 

^ f 9Pg~^ \ f gDg-^ \ 

) ' -i^=(^' d)- 

The evaluation of gpg^^ E llom{A^H, C) on a product a^h yields 

9Pg~^{a «) /i) = ^ /i(o)p(a)S'(/i(i)) = h ■ (p{a)) , 

and similarly gDg~^{h) = h ■ D, which shows that for t — 1, the upper left 
corner of p and D coincide with the construction of section |[ leading to the 
characteristic map associated to £. For i = 0, one has 

^ / \ ( gDg-^ \ 

and p(a ® h) = e{h)p{a), D(h) = e{h)D. This shows that for t = 0, the 
bottom right corner of the matrices p and D vanish on the augmentation ideal 
H = Kere. 

Let (£(g)f2[0, 1], d) be the DG algebra of differential forms over [0, 1] with values 
in £. As in section^, we will construct a bivariant Chern character by working 
in the DG convolution algebra TZ = lloin(B^{A)<§C"^ {H), £(§n[0, 1]), where the 
differential of C^fl[0, 1] is taken into account. Recall that Bf{A) is the entire bar 
DG coalgebra of A, and C^{T-L) is the Fedosov coalgebra (without differential) 
of cochains over Ti. First, we consider p and D as odd elements of TZ by the 
same trick as in section ^ and form the superconnection A = p + D G TZ-. The 
trace t : t ^ C extends to a trace r (g) tr2 : M2{i^®^[0, 1]) 1], so that 

the usual Chern character 

(r(g)tr2)ch(A) e YLoia{X(B^{A))®X{C+{n)),n[{),l]) 
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is a cocycle in the corresponding complex, where the de Rham differential d 
over ri[0, 1] is taken into account. As in the proof of proposition we let 
X be the projection of this cocycle onto the subspace of numerical functions 
C°° [0, 1] C r2[0, 1] and cs the projection onto the one-forms fi^ [0, 1] . The cocycle 
property implies that 

dx = ±cs o d , 

where d denotes the total differential on X{B^{A))®X{C^{T-l)). Moreover, this 



construction is compatible with the e-invariance (same proof as theorem 4 
hence holds at the level of Hopf cochains. Using the homotopy equivalence cPi, 
we may identify the complexes mod e-coinvariants Xe{C^ {Ti)) and C'*(7i). For 
i = 0, wc know that the bottom right corner of the matrix A vanishes on 7i, 
and a careful inspection shows that after taking the trace r ® tr2, this implies 
the vanishing of = 0) on a chain ft," ® ft,^ ® . . . (g) /i" g C" (7i) whenever n > 0. 
Hence we deduce that Xt=o = ch^{£) on fl^A = X {B ^{A)) . On the other hand, 
for t = 1 the upper left corner of the matrix A corresponds to the connection 
entering in the construction of the Chcrn character of so that after taking 
the trace t (g) tr2, one sees that Xt=i — ch{8) on Q^A^X^IC'^ {H)) . Therefore 

ch(£) =ch(£)-ch'^(£) = / dx ^ ± [ cs o d , 

J[0.1] "'[0,1] 

is a coboundary in the complex Hom(ilcyl(g)Xe(C'+(7^)), C). ■ 

Thus when TC acts by the adjoint representation, it is not detected by the 
reduced characteristic map ch(£) which becomes trivial. This may be regarded 
as a drawback, however in some circumstances it leads to the appearance of 
secondary characteristic classes. The latter are much finer invariants associated 
to the Hopf algebra action, and in fact correspond to characteristic classes for 
the higher algebraic i^-theory of A instead of the topological one. Since the 
treatment involves a fine control of the components of the cyclic cochains, we 
shall assume from now on that C, are realized as algebras of (not necessarily 
bounded) operators on a Hilbert space. Moreover, the Hopf algebra H is now 
considered as a discrete algebra (fine homology). 

Definition 5.2 Let A be a complete bornological algebra, TL a Hopf algebra 
with fine bornology. For p G a p-summable TL-equivariant spectral triple 

£ — (^,53,1?) over A corresponds to the following data: 

• A separable 7i2-grcided Hilbert space i3 = i3+©i3_ together with a bounded 
representation p : A ^ End(i]) of A into the algebra of bounded endomor- 
phisms of even degree over f); 



A representation g of the algebra TL as not necessarily bounded operators 
of even degree over f) (recall Ti. has fine bornology); 



• A selfadjoint unbounded operator D of odd degree with compact resolvent, 
such that (1 + D^)^P/^ is trace-class (Dirac operator); 

• The commutator [D, p(a)] is a bounded endomorphism of for any a G A; 

• The adjoint action of Ti. on the Dirac operator is a bounded perturbation 
ofD: 

'^g{h(^o))Dg{S{h(^ij)) ~ e{h)D bounded for any h e H . (223) 
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We say that an equivariant spectral triple {A,^],D) is p-f--summable iff it is 
(p + e)-summahle for any e > 0. 

The p-summability assumption (1 + trace-class implies that the heat 

kernel exp(— t_D^) is a matrix with rapid decay in a basis of eigenvectors of D 
for any t > 0. Morally, the previous auxiliary algebra C is generated by the 
operators g{h), D, p{a) and exp(— t_D^) for any a £ A, h £ H, and is the 
ideal generated by exp{—tD^), consisting in matrices with rapid decay. The 
trace t : £^ —^ C corresponds to the ordinary operator trace, whose degree 
depends on the parity of the spectral triple: 

i) Even case: the Z2-grading Sj — Sj+®Sj^ implies that £ and £^ split into even 
and odd parts. In matricial form one has 

Then r is the ordinary supertrace of operators Trs . It is a map of even degree 
from £^ to C. 

ii) Odd case: one has i^-i- = and in matricial form the homomorphism p 
and the Dirac operator decompose into 

Then r evaluated on a trace-class operator of the form ( ^ ^ ) is equal to 



x ^ 

•\/2iTr(a;), and it vanishes on diagonal matrices. Then t is a trace of odd degree 
from £^ to C. The factor ^/2i assures the compatibility of the Chern character 
with the cup-product on if -homology. It is also compatible with Bott periodic- 
ity in the bivariant context p5| . 

We may assume the representation of A endowed with the norm ||p(a)||(x; + 
||[D, p(a)]||oo (with II • I loo the operator norm), and the map p : A ^ 
bounded. Also, we suppose that H has fine homology. The p-summability as- 



sumption actually implies the 0-summability property stated in definition 4.7 



(use for example the same kind of estimates as in the proof of proposition 5.3). 
Consequently, if 7i is a Hopf algebra with involutive antipode, any p-summable 
H-equivariant spectral triple £ — {A,Sj,D) of parity i yields a characteris- 
t ic m ap ch{£) : HEt{A) HP^_^_^{H) which retracts onto the JLO cocycle 
( ^20[ ). However, the p-summability assumption gives further estimates on the 
behaviour of the cocycle representing ch(£). 

Thus we fix an 7i-equivariant spectral triple £ — (A,^,D) of parity i. Re- 
call that in the construction of ch(£) (section ^), we consider the linear map 
Hom(y^(X)7i, £) and the element D e Hom(7i,£) defined by 

p{a (» h) ^ h ■ p{a) , D{h)^h-D, (226) 

where h £ Ti. acts on the operators of 9) by the adjoint representation. Then we 
combine p and D into the superconnection A = p + D viewed as an odd element 
of the DG convolution algebra liom{B^{A)^C^ (Ii.), C). Here B^{A) is the bar 
DG coalgebra of A and C^{'H) is the trivially graded Fedosov coalgebra of 
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cochains over H (itself viewed only as a coalgebra) . The corresponding cocycle 
Tch{A) £ }iom{X{Bg{A))^X{C^{'H)),C) is e-invariant, and after composition 
with the homotopy equivalence cPi : C*{Ti) X^{C^ {H)) we get a chain map 

x{p,D) := rch(A) o cPi : X(BM)) = ^eA ^ Hom(C;(7^), C) ^ Cl{H) , 

(227) 

from the {h + i?)-complex of entire chains over A to the (6 + _B)-complex of peri- 
odic chains over the Hopf algebra (S*^ = id). Decompose x into its components 
(Xfe)n,fceN: 

xl{p,D):n^^A^Cl{n) . (228) 

We now assume that the representation g -.TL ^ C commutes with the operators 
p{a) and [D, p{a)] for any a £ A, that is g{h)p{a) — p{a)g{h) and g{h)[D, p[a)] = 
[D, p{a)]g{h) for any h E H. Then if we rescale D by tD for i > 0, we have the 
following vanishing result at the limit i — > 0: 

Proposition 5.3 Let A be a complete bornological algebra, TL a Hopf algebra 
with fine bornology such that S*^ = id. Let £ = {A,S),D) be a p-summable 
Ti-equivariant spectral triple such that the representation of TL as operators on 
f) commute with p{a) and [D,p{a)] for any a <E A. Then the map Xk{p,tD) ■ 
fl"'A — > C^(7i) vanishes at the limit t — > whenever n + k > p. 

Proof: Let A = p + tD he the superconnection associated to £ and F S 
}lom(B^{A)i^C+{n),C) its curvature. RecaU that the X-complex X{C+{n)) 
is isomorphic to C*{Ti) as a vector space, and the homotopy equivalence cPi : 
C*{'H) X^{C^{'H)) (quotients by e-coinvariants) preserves the degree of Hopf 
cochains. Therefore, it is sufficient to show that the component of Tch{A) 

Tch{A)i : n"A^x{c+in))'' C 

vanishes for n + k > p, where X{C^ {Ti))^ is the space of fc-cochains C'^{'H) — 
Ti^ii,^^ (we forget the e-invariance) . First, we use the computation (|l95| ) for 
the curvature F, 

F = t^D^ +t[D,p] + d{p + tD)d{p + tD) , 

where we recall that the symbol d of non-commutative differential forms has to 
be interpreted in a dual context for the Fedosov coalgebra C^{T-C), for example 

dDdD ellom{C^{H),C) , dDdD{h° ®h^) ^ e{h°)h}{D)h^{D) , 

and 

dpdD £}loTa{A®C^{n),C) , dpdD{a®h° ®h^) = e{h°)¥{p{a))h?{D) . 

From the definition of the equivariant spectral triple, D{h) — h{D) is a bounded 
operator for any h in the augmentation ideal Ti. = Ker e, therefore the symbol dD 
is always bounded. Moreover, by hypothesis p commutes with the representation 
of H, hence one has p{a ig) h) = h{p{a)) — e{h)p{a) and subsequently dp = 0. 
Since Ti commutes also with [D,p{a)], one has d[D,p] — 0. 
We have to evaluate explicitly the component Tch{A)^ on a n-form over A. 
Again, the computation is identical to section For simplicity, we will focus 
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only on the part re ^ of Tch(A). This amounts to restrict to the particular case 
k = 2m, and evaluate on the n-form dai . . . dan G ^"'A. Therefore, we have 

Tch{A)^^{dai . . . dan) - re-'^iai ® . . . ® a„) e Hom(C'2™(H), C) , 

so that we just want to evaluate re~^ on Bn{A)<§C'^"^{H). To keep the nota- 
tions simple, we forget the hat over p and D and write just p and D. Hence 
in the manipulations below, we must keep in mind that p, D and dD are in 
fact operator-valued functions over the fine (=discrete) bornological space TC, 
evaluated on some elements h'^,h^, . . . , h?"^ or their coproducts. Note that the 
condition (1 4- _d2^-p/2 trace-class holds when D is evaluated on any ele- 
ment h € Ti., since h{D) is a bounded perturbation of the Dirac operator. The 
Fedosov exponential is given by formula ( |20C| ) 

«>o 

where the iJ^'s are taken among the three possibilities t[D,p\, PdDdD and 
t^d{D'^) (recall dp = and d[D,p] = 0). Since dD is a bounded operator 
on i3, as well as the commutator [D,p], one sees that only the last possibility 
d{D^) = [dD, D] may be unbounded. Applying the trace r, proportional to the 
operator (super)trace Tr in Hilbert space, we want to control the behaviour of 

Tr(e-^"*'^'i/ie-^i*'^'i/2...e-^"-^*'^'i?„e-^"*'^') 

when t ^ 0. Consider the integrand at a point of the n-simplex (sq, . . . , s„). 
Si = 1, with all Si ^ 0. Using Holder's inequality for the norms ||a;||s-i = 
(Tr|a;|^/')^ we have 

n 

Tr|e-^''*'^'i/ie-^i*'^'i72 • • • e-^"-i*'^'ff„e-^"*'^' | < [] Hff.e"^'*'^' | . 

8=0 

(229) 

We focus on a given i. li Hi is one of the bounded operators t[D,p] or t^dDdD, 
the p-summability assumption that (1-1- £)2)~p/2 is trace-class implies 



< ||i?.||oo(Tr(e-* ^ 

< \m\^{TTiit^ + t^D^)-P/^t^ + t''Dy/^e-'"''")y' 

where || • ||oo is the operator norm. Since \\{t^ +t^D^)P/^e'*'°')\\oo IS bounded 
by the maximum of the numerical function x {t^ + x'^)P^^e~^ , we deduce 
there is a bounded function Ct a.s t ^ such that 

ll^.e-^'*'^'ll^-i < {Ctt-py-mWoo ■ 

Let us now consider the unbounded term t^[dD,D] — t^{dDD — DdD). For 
example if Hi is equal to t^dDD, we may write 



\H,e~'^' ^ ll^-i < \\tdD\\^\\tDe 
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and using p-summability as before, 

< (i-fTr(l + i?2)-p/2||(i2^^2^2)p/2|^^|lMg-t^I3^||^)-. ^ 

For t sufficiently small and Si < 1, the maximum of the function a; i— > ((^^ + 
^2y/2^i/si^-x^y^ is bounded by a term proportional to so that we can 

write 

+2 r-,2 , , , t~^^^ 

it U \\ ^ y-ll 



where C't is a bounded function of t. This expression is integrable over Si near 
zero, hence we can integrate (229) over the simplex A„ and estimate for small t 

[ Tr|e-^°*'^'i/ie-^i*'^'i72...e-^"-^*'^'i/„e-^"*'^'| <CrPnil^»lloo , 

where Ai are bounded operators chosen among t[D,p], t^dDdD and tdD. Thus 
the product of ||^i||oo's carries one power of t for each dD and p, so that re~^ 
evaluated on an element of B„{A)(E>C'''{n) behaves like T+'^-p, hence IS van- 
ishes at the limit t ^ when n + k > p. The same discussion holds for the 
other components of Tch(A), which also involve the exponential of F, with the 
same kind of estimates. ■ 



Under reasonable analytical hypotheses on the spectral triple {A, Sj, D) (see 
[^), one shows that the cochain Xfc (Pj iD) evaluated on an element of ^V^A^C^iH) 
has an asymptotic expansion when t — > of the form 

xl{p,tD) = i'"(logO'K)i,m , (230) 

Z,m6N 

where the Pm's are complex numbers with real part bounded below, and (a^)i,m 
are bounded maps Vt^A C^{'H). The homotopy invariance of ch(f ) implies 
that the cohomology class of the cocycle x{p, tD) is independent of i, hence cor- 
responds to the cohomology class of the constant term I — pm = in the above 
expansion, or equivalently to the finite part Pf^x(Pj ^-C*)- The preceding propo- 
sition shows that the (n, fc)-component vanishes whenever n + k > p, therefore 
we actually get a periodic cyclic cocycle over A (i.e. finite-dimensional). For 
A: = 0, we deduce that the periodic cocycle 

{Pf^XQip,tD))o<n<p e Rom(nA,C) (231) 

is a representative of the C- valued characteristic map ch'''(£). This yields the 
local formula of Connes-Moscovici corresponding to the retraction of the 
JLO cocycle for p-summable spectral triples. For fc > and n + k < p, the 
collection 

i^ip,D) -.^ iPJ^xtiP,tD))k>o,n+k<p e llom{nA^C:in),C) (232) 

is a local representative of the reduced characteristic map ch(£). Its periodic 
cyclic cohomology class HP^,{A) HPl^^{Ti) vanishes, but by considering the 
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natural filtrations on the cyclic bicomplexes, we are going to exhibit non-trivial 
characteristic maps in the non-periodic cyclic cohomology of A. 



We first recall the non-periodic version of the cyclic homology of A and its 
relationship with the periodic and negative theories |2^. We know that the 
cyclic bicomplex (jsj) is isomorphic to the (6, _B)-complex of non-commutative 
differential forms over the non-unital algebra A 
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with ^"■A = A^A'^^. We draw a vertical dashed line in order to split the 
bicomplex into a subcomplex on the left and a quotient complex on the right. 
By definition, the non-periodic cyclic homology of A is computed by the quotient 
bicomplex CC*(^) situated on the right of the dashed line. The component of 
degree n, for n € Z, of this bicomplex corresponds to the diagonal 

CCniA) ^^n'^-^'A , (234) 

with the convention that H.'^A = for fc < 0. The total complex CC^,{A) is 
endowed with the boundary b + B : CCn{A) CCn-i{A), after suppressing 
the map B acting on C CCn{A). The corresponding cyclic homology is 

denoted 

HC„{A) -.^ H„iCC4A),b + B) , Vne Z . (235) 

By construction one has HCn{A) = for n < 0. We can also compute HCn{A) 
by introducing the Hodge filtration of the bicomplex Q,A ]l7t . It is given by the 
decreasing family of subcomplexes Fn{A) C ^A, Fn+i{A) C Fn{A): 

Fn{A) := b^l"+^A ® Vl'^A , Vnel . (236) 

Fn{A) is clearly stable under b and B, so that the quotient flA/ Fn{A) is a 
Z2-graded complex for the total boundary b + B, and one has 

HCn{A) = H,{nA/F„iA), b + B) , i = n mod 2 , Vn e Z . (237) 
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By deleting the dashed line, one recovers the periodic complex CPr{A), whose 
degree n g Z is the diagonal corresponding to the direct product 



CPniA) ^]]_n''+^'A . (238) 

Periodicity means CPn{A) = CPn+2{A) for any n E Z. The corresponding 
periodic cyclic homology is HPn{A). The subcomplex situated on the left of 
the dashed line is the negative cyclic bicomplex CC^ (A) . Its component of 
degree n S Z is given by the direct product (there is a conventional shift by two 
in the degree) 

CC-{A) = Y[n''+^'A . (239) 

In particular one has CC^{A) = CPn{A) for n < 0. The total boundary 
b + B carries CC~{A) into CC~_i{A), whence the definition of negative cyclic 
homology: 

HC- (A) = HniCC'- {A),b + B) , Vn e Z . (240) 

One has HC~{A) = HPn{A) for n < 0. By definition, the three complexes fit 
into a short exact sequence 

— > CC:; {A) CP, {A) CC, {A) [2] — > (241) 

where 5* is the periodicity shift, and (CC,(^)[2])„ = CCn-2{A). The associated 
homology long exact sequence relates the non-periodic and negative theories to 
the periodic one: 

. . . ^ HC^^,{A) ^ HC-{A) HP,M) HC^-2{A) ^ HC-^,{A) — 

(242) 

Indeed, it is easy to see that the connecting map of the exact sequence is given 
by the operator B crossing the dashed line in the cyclic bicomplex. 

Now consider the Hopf algebra H. When it is viewed only as a coalgebra, 
the normalized bicomplex of chains C^,{'H) — IIom(C'*(7i), C), with C"{T-C) — 
7i®7Y®", plays (at a formal level) a role analogous to the augmented bicomplex 
ilB for the dual algebra B — Hom(7Y, C). When the full Hopf algebra structure 
is taken into account, with involutive antipode, we restrict to the subcomplex 



of e-invariant chains C^(7Y). By remark 4.5, its component C^{Ti.) of degree 
n is isomorphic to Hom(7Y'^", C). We know that this bicomplex splits in even 
degree into the direct sum of C — Cq{'H) and the "interesting" part which yields 
is the reduced cyclic bicomplex. Therefore, the reduced cyclic bicomplex of Hopf 
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chains is given by 



— cliH) Clin) Clin) cf{n) 



— Clin) Clin) Clin) 



(243) 



— Clin) Clin) 



■Clin) 



^ 

Here we draw an horizontal dashed hne in order to separate the cychc bicomplex 
into new (non-periodic) complexes. We shall call the quotient complex above 
the line the positive cyclic bicomplex CCj'^(7i). Its component of degree n g Z 
is the direct product 



(244) 



i>0 



with the convention that C^in) — for k < 0. The total boundary b + B : 
CC^'^in) CC^"\in) is obtained by truncating the Hochschild operator b 
acting on d„(7i). The corresponding positive cyclic homology is therefore 



HCf,'+ in) = H„ {CCl'+ in),b + B) , Vn e Z 



(245) 



The latter can also be computed by means of an analogue of the Hodge filtration. 
We introduce the following increasing filtration G„ in) C Cl in) : 



Cnin) = s(Q_i(H)) ® cm) , Vn e z 



(246) 



Then G'„(7i) is a Z2-graded subcomplex of CUn) and one has 

Cf;+ in) ^H.iCl in) /G-n in),b + B) , i = n mod 2 , Vn e Z . (247) 



As usual, the reduced periodic complex CP^iJi.) is the total complex (^43|) 
(direct products) obtained by ignoring the dashed line. One has HP^^{H) = 
HP^^^in) for any n G Z, and HP^in) = HC^^+in) whenever n > -1. The 
subcomplex below the dashed line will be denoted CN^n), with a shift by two 
in degrees 

CKm^@CU^-nm , VnGZ. (248) 

i>0 
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One has CNf^{Ti) = for any n > 0. Therefore the corresponding homology 

HNliU) = Hn{CNl{n),b + B) (249) 

vanishes in positive degrees. By construction these total complexes fit into a 
short exact sequence 

— * CN',{n)[-2\ ^ cpliH) cci-+{n) — > o , (250) 

whose connecting map is given by the Hochschild operator h crossing the dashed 
line in (|243|), whence the long exact sequence relating the homologies 



(251) 

Let £ — (A,fi,D) be a p_|_-summable 7i-equivariant spectral triple such 
that TL commutes with the representation p : A ^ End(^) as well as with the 
commutators [Z?, p(a)]. We suppose that p is an integer congruent to the parity 
of the triple modulo 2. If the characteristic map x{Pi iD) verifies the asymptotic 
expansion ( |230| ), its finite part for t — ^ yields the chain map D) given in 
components by 

V-^ {p,D)^ Vi^ Xl ip, tD) : n^^A^CliU) . (252) 



The p+-summability assumption in connection with proposition 5.3 implies that 
for any e > 0, ip^^{p, D) vanishes whenever n + k > p + e. Since p is an integer, 
ip^{p,D) = whenever n + k > p. Consequently, the cocycle "0 carries the 
degree n of the Hodge filtration Fn{A) into the subcomplex Gp_„(7Y) for any 
n G Z, whence a well-defined characteristic map : HCn{A) HC^'^p{Ti.) 
for any n > 0. 

Theorem 5.4 Let A be a complete bornological algebra, and TL a Hopf algebra 
with fine bornology whose antipode is involutive. Let p be an integer and £ = 
{AtS^tD) a p^-summable TL-equivariant spectral triple of degree i = p mod 2. 
We assume that TL commutes with the representation p : A End(io) and the 
commutators [D,p(a)], and that the character x{p,tD) satisfies the asymptotic 
expansion ^3(\ ). Then the finite part ipip, D) — Pf^ x{p^ ^D) defines a secondary 
characteristic class 

i/.(£) : HCn{A) -> HC'^'+p{TL) , Vn > . (253) 

It vanishes on the image of the periodicity map S : HPn+2iA) — > HCn{A), and 
is invariant with respect to bounded perturbations of the Dirac operator D. 

Proof: The fact that the periodic cyclic cohomology class of the cocycle ip{p, D) 
vanishes implies the triviality of ijj{£) : HCniA) HC^'^p{TL) on the image of 

HPn+2iA). 

The homotopy invariance with respect to bounded perturbations of the Dirac 
operator is proved using the Chern-simons transgressions. If Dq and Di are 
Dirac operators with bounded difference, the interpolation Du = {1—u)Dq+uDi 
is a family of Dirac operators with parameter u € [0, 1]. We work as usual in the 
complex Rom{X(B,{A))'»X{C+{TL)),C'S>n[0,l]), where the differential du on 
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n[Q, 1] is taken into account. The curvature of the superconnection A = p + tb^ 



reads (cf. proof of proposition 5.3) 

F ^tduDu + fDl + t[Du,p]+fdDudDu e Roin(B,{A)i)C+ (H), C®^[OA]) , 

because dp = 0. Let cs(p, tD^) be the component of Tch(A) proportional to du, 
and xiPitDu) the other component. The cocycle condition gives as usual an 
identity 

dux[p, tDu) = ±cs(p, tDu) o d , 

where d is the total boundary of the complex ^A®C* (H) . Taking the finite part 
as t ^ gives a transgression of ip. The boundedness of the variation d^Du — 
du{Di — Dq) implies as in the proof of proposition p3.3[, that the components 



Pf cs^{p,tDu) : n^A C^iTi) vanish whenever n + fc > p (in fact we can 

achieve the better estimate n + k > p because of the factor t in front of d^Du), 
hence one gets a transgression of V as a chain map CCn{A) CC^'^p{H). 
Details are left to the reader. ■ 



Remark 5.5 It is not true that the secondary characteristic class is homotopy 
invariant with respect to the homomorphism p : A End(i3). This would 
require to stabilize by the the image of the periodicity map S, which annihilates 
ipi^)- On the other hand, '0('^) is certainly invariant for more general homo- 
topics of D (not necessarily bounded), but the determination of the correct class 
of homotopies allowed may be more difficult. 

In fact cyclic homology is the right target for the Chern character defined 
on the higher algebraic if-theory of Quillen We are going to combine 

the preceding theorem with previous constructions of Karoubi p6| and Connes- 
Karoubi [Q| giving rise to secondary characteristic classes in algebraic if-theory. 
We follow essentially the exposition of Loday . 

Let ^ be a unital Banach algebra, endowed with the bounded homology. For 
any g € N, the group of invertible matrices GLq{A) is a topological group. The 
natural inclusions GLq{A) ^ G'iq+i(^) are continuous, and GL{A) denotes 
the direct limit 

GL{A) =limGLq{A) . (254) 

We can associate to this topological group a classifying space BGL{A) with 
abelian tti. By definition, the topological if-theory of A corresponds to the 
homotopy groups 

Kl°-P{A) = TTn{BGL{A)) , Vn > 1 , (255) 

whereas for n — 0, the abelian group K^q'^{A) was introduced in section ^. 
The Bott periodicity theorem of topological if -theory |^ states that K^^{A) 
is isomorphic to K^°^2{^) for any n. 

We can also forget the topology of GL{A) and consider it as a discrete group 
GL^{A), with classifying space BGL^{A). Quillen's -f-construction yields 
a topological space BGL^ [A)^ with abelian tti. The higher algebraic if-theory 
of A corresponds to the homotopy groups: 

Kn{A) = TTn{BGL\A)+) , Vn > 1 . (256) 
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The identity homomorphism GL^{A) GL{A) is continuous and induces a 
classifying map BGL^{A) BGL{A) which factors through BGL^{A)~^, and 
gives rise to a homotopy fibration | p6[ 

BGL'''\A) ^ BGL\A)+ ^ BGL{A) . (257) 

By definition, the relative X-theory groups are the homotopy groups of the 
corresponding homotopy fiber 

Kf{A) = 7r„(BGL'-°'(yl)) , Vn > 1 . (258) 

The long exact sequence of homotopy groups associated to the homotopy fibra- 
tion BGL^{A)'^ BGL{A) imphes the exact sequence relating the topological 
and algebraic if-theories of A: 

. . . ^ K':U^) ^ Klf{A) ^ Kn(A) ^ KlriA) K'\{A) . . . 

(259) 

The Chern character on topological if-theory (section ^) yields an additive 
map ch^°P : KI^°'p{A) HPn{A) compatible with Bott periodicity of i^-theory 
and the natural periodicity of HPn{A). Connes and Karoubi construct in |^] a 
relative Chern character on A'"^'(^) with values in non-periodic cyclic homology: 

ch'^^ : K'^''\A) HGn-i{A) , Vn>l. (260) 

There is also defined a negative Chern character psf on algebraic ^fT-theory with 
values in negative cyclic homology: 

ch- : Kn{A) HG;;{A) , Vn > 1 . (261) 

By results of Connes and Karoubi M 0^, the Chern characters relate in a 



commutative diagram the i^T-theory exact sequence (242) and the long exact 
sequence involving negative cyclic homology: 

<Ti(-4) K^n\-^) K^iA) X*°P(^) if-ii(^) 



ch'°P 



HP,,+iiA) HCn-liA) HG-{A) — ^ HP,,{A) HGn-2{A) 

(262) 

In fact the same discussion holds for unital Frechet algebras, see ^ . 

If £ = [A, ij, 13) is a p+-summable 7i-equivariant s pec tral triple over a unital 
Banach algebra A for some integer p as in theorem ^.4| , we may compose the 
characteristic map il){£) with the Chern character on relative if-theory to get 
a secondary characteristic class 

K-IM) ^ HCr^iA) ^ HGtUH) (263) 

which vanish on the image of the homomorphism iC^'^2(-^) ^ ^n+i(-^) i^i view 
of the above commutative diagram. The exactness of the if-theory sequence 
therefore implies that the secondary class is actually defined on the image of 
the homomorphism K^^+i ~^ Kn+i{A). 
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Corollary 5.6 Let A he a unital Banach (or Frechet) algebra, and Ti. a Hopf 
algebra with fine homology and involutive antipode. For any integer p, let 
E'^{A,C) be the set of p-\.-summahle Ti-equivariant spectral triples verifying the 



conditions of theorem 5.4- Then there is a bilinear pairing with values in the 



positive cyclic homology of Ti. 

Kfl^ {A) X {A, C) ^ if {H) , Vn > , (264) 

where Kt'^^^A) denotes the kernel of the homomorphism K^{A) — > K\°'^{A). 
This pairing is invariant with respect to bounded perturbations of the Dirac op- 
erator contained in the corresponding spectral triples. m 

Remark 5.7 Connes and Karoubi construct in a bilinear pairing between 
the algebraic iiT-theory of degree p + 1 and the group generated by p_|_-sumniable 
Fredholm modules (spectral triples) over A, 

Kp+i{A) X Ep{AX) , (265) 

with values in the multiplicative abelian group of non-zero complex numbers. 
These "higher regulators" and our characteristic classes are not obviously related 
a priori. In particular the Connes-Karoubi pairing involves the algebraic K- 
theory of degree p+ 1, whereas our secondary characteristic classes are defined 
on the kernels K^}s(^j[-^ ^ Ker{K„{A) ^ KI^°p{A)) in aU degrees n > 1. These 
kernels may be considered as retaining the "purely algebraic part" of algebraic 
7^-theory, and the pairings detect invariants of {A, C) which are not related 
to the topology of A. The remarkable fact is that these pairings are nevertheless 
stable with respect to (at least bounded) homotopies of Dirac operators. This 
will be interpreted in section ^ in relation with BRS cohomology in Quantum 
Field Theory. 

Remark 5.8 Taking the finite part Pf of the Chern-Simons terms used in 



the proof of proposition 5.1 yields a transgression ip of the periodic chain map 
ijj{p, D) = {b + B)ip±ip{b-\- B). The vanishing properties of "0 in appropriate de- 
grees implies that (p induces a characteristic map HC~_^^i{A) HC^-piTi) for 
any integer n (including negative values of n), which fits into the commutative 
diagram 

^n+i [A) K^+M) (266) 




Hence ip[£) enables to extend (non canonically) the pairing of corollary |5.6| to 
all the algebraic X-theory of A. For negative values of n, one has HC^j^i{A) = 
HPn+i{A) and in fact the pairing involves the topological if-theory: 

^ HP^^M) HC:;lp{n) , Vn < . (267) 
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6 BRS cohomology 



The situation of 7Y-equivariant spectral triples fulfilling the requirements of 



theorem 5.4 arises naturally in connection with Yang-Mills theories in non- 
commutative geometry. There is a canonical way to build an equivariant spectral 
triple starting from an unbounded Fredholm module {S),D) whith the prop- 
erty of being a bimodule over a unital *-algebra A, or equivalently a module 
over A^A°^. A°^ is the opposite algebra of A, i.e. the product of elements 
ai ■ a2 in A°^ corresponds to the opposite 0201 with respect to the product in 
A. Thus consider a p+-summable spectral triple {A^A°^ , Sj, D). This means 
that D is an unbounded selfadjoint operator in the Hilbert space such that 
(1 + d2'j-(p/2+£) trace-class for any e > 0, the *-representations of A and 
yl°P as bounded operators commute, and the commutators [D, a] and [D, b] are 
bounded and well-defined for any a G A, b G A°^. For compatibility with the 



technical hypotheses of theorem 5.4, we also impose the first order condition 



[a, [D,b]]^0 y aeA, be . (268) 

We may twist {S},D) by a finitely generated projective (right) ^module E = 
e{A^) represented by a projector e = = e* in the matrix algebra M]\[{A) for 
some N G N. Hence is replaced by its projection e{S)^) or eSj on short, acted 
on by the compression of the p_|_-summable Dirac operator '■— eDe. Since 
the representation of A°^ commutes with A, eSj is still a module for A°^ and the 
commutator [De, b] is bounded for any b g A°^. The subalgebra^e = eMj^{A)e 
is also represented in and commutes with A°^. The commutator [De,ae] is 
bounded for any Ue G Ae, and [og, [D^, b]] = for any b G A°'^. The gauge group 
G is the unitary group of Ae- Its complexified Lie algebra LieG identifies with 
(^e)Lie • Wc let H = U (Lie G) be its enveloping algebra. It is a cocommutative 
algebra with involutive antipode (see below). Hence £ = {A°^, eS), De) is & p+- 
summable 7i-equivariant spectral triple verifying the conditions of theorem p.4| , 
so that it yields characteristic maps 

: HCn{A°'P) -> HC'^+.p{n) , Vn > . (269) 

When A — A°^ is the commutative algebra of smooth functions over a spin 
manifold, we may choose {A^ef^^De) as the ordinary Dirac module with coef- 
ficients in a vector bundle E. We will show that in this situation of ordinary 
(commutative) geometry, the secondary classes can be interpreted terms of BRS 
cohomology Q. 



Let M be a smooth compact riemannian spin manifold without boundary, 
of dimension p. We consider the unital Frechet algebra A = C°°{M) of smooth 
complex- valued functions over M. Let G be a compact connected Lie group 
and P M a G-principal bundle. We consider that G is linearly represented 
on an hermitian finite-dimensional vector space V by unitary operators. Let 
E ^ P XqV he the hermitian complex vector bundle associated to P over M. 
For any choice of G-connection A over P (Yang-Mills connection), we can form 
the associated connection Vf : C°^{E) C°°{E (g) T*M) acting on smooth 
sections of E. We denote by 5 ^ M the spin bundle endowed with the spin 
connection V'^ associated to the metric on M. If the dimension p is even, then 
S is Z2-graded. The total connection V^i = V'^ (g) id -I- id ® acts on smooth 
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sections of the tensor product S E. The associated Dirac operator 

Da ■.C°^{S(E)E)^ {S ® E) (270) 

is obtained as usual from via Chfford multipUcation. It is of odd degree 
whenp is even. We let = L"^ {S (E) E) be the Hilbert space of square-integrable 
sections of S ® E, provided with its norm inherited from the metrics on M and 
E, and its natural grading. The pointwise multiplication by C°°{AI) induces 
a faithful continuous ^-representation p : A End(^). The Dirac operator 
acting on is unbounded, selfadjoint and p_(_-summable, i.e. (1 + Z?^)~(^'/^+'^^ 
is trace-class for any e > 0. 

The gauge group G is the subgroup of automorphisms of P leaving the base 
manifold M invariant. G acts on E and by unitary endomorphisms. Its com- 
plexified Lie algebra Lie G identifies with the space of smooth endomorphisms 
of the vector bundle E endowed with the commutator as Lie braket. We let 
H, = U (Lie G) be its enveloping algebra. It is a cocommutative Hopf algebra, 
which implies in particular that its antipode is involutive. We recall that the 
coproduct and the antipode are given on primitive elements X € Lie G C 7i by 

AX = l(g)X + X®l, S{X)^-X, (271) 

and the counit verifies e{X) — 0, £(1) = 1, so that H — Kere is the ideal gen- 
erated by LieG. Ti. acts on ^ by bounded endomorphisms commuting with the 
representation of and the commutators Moreover, the commutators 

[Da, p{a)] and [Da, h] are bounded for any a £ A, h £ H, so that S = {A, Sj, Da) 
is a p_|_-summable 7i-equivariant spectral triple satisfying the requirements of 



theorem 5.4. We thus get characteristic maps 

^(£) : HCr,{A) -> HCl:+^{n) , Vn > . (272) 

The cyclic homologies corresponding to the classical space/symmetry A and Ti 
are known. First, the periodic cyclic homology of the enveloping algebra Ti. — 
U (Lie G) is isomorphic to the Lie algebra cohomology of Lie G with coefficients 
in the trivial module C @ |l2): 

HPl (H) = if (Lie G) , HP\ (H) = H^'+^ (Lie G) , (273) 

i>l i>0 

and periodicity implies HPl^{Ti) = HP^j_|_2('H) for any n. One builds a chain 
map a between the (6, _B)-complex Cl{Ti) and the Chevalley-Eilenberg complex 
C* (Lie G) as follows (we denote by s the Lie algebra coboundary in C* (Lie G) for 
consistency with the BRS construction). For any / G Cf^ {H) = IIom(7Y®", C), 
its image a{f) G C"(LieG) evaluated on a n-chain Xi A ... A Xn e A"LicG is 
@ 

a{f){X, A . . . A X„) = 1 ^ sign(a)/(X,(i) ® . . . ® X,(„)) , (274) 

where Sn is the permutation group of n elements. Then one has s o a — a o B 
and a o 6 = 0, whence the induced map a : HPl{Ti) — > 0„>o -f^"(LieG) which 
turns out to be an isomorphism. In the same fashion, one sees that a induces a 
chain map 

a : HC^^'+{H) H^'-'\UeG) , Vn e Z . (275) 

j>0 
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The cyclic (co)homology of the Frechet algebra A — C°°{M) has been com- 
puted by Connes Q . We let fJ" (M) be the space of smooth differential forms of 
degree n over M, d the de Rham differential, and B"(Af) df7"-i(M), Z"(M), 
H'^{M) = Z^{M)/B^{M) respectively the spaces of de Rham coboundaries, co- 
cycles and cohomology of degre n. Then the cyclic homology of A in degree n 
is given by the sum 

HCn{A) = n''{M)/B"{M) © H"-^{M) © H"-'^{M) © . . . . (276) 

The interesting part is the term of highest degree (M) /B" (M) ; it is not ho- 
motopy invariant in the sense that an automorphism of ^ (i.e. a diffeomorphism 
of M) connected to the identity does not leave this space invariant. The situ- 
ation is different with the periodic cyclic homology. The latter gives a purely 
topological information in terms of de Rham cohomology: 

HPniA) = i7"+2*(M) . (277) 

The negative cyclic homology is the difference between the two preceding ho- 
mologies: 

HC~iA) = Z"{A4) © H'^+^M) © H^'+^M) © . . . . (278) 
It is easy to decompose explicitly the SBI long exact sequence of cyclic homol- 

ogy (13): 

HC^_M) -^-^ HC-{A) -^-^ HP^{A) ^ HCn-2{A) HC-_M) 

II II II II I 

^ H^'+^iM) i/"+2(Af) ^ *- iJ"+^(A-f) 



^n-l/^n-l _A — ^ z«(M) ^ F"(Af) ^ ^ H''+^{M) 



iJ"-5(Af) ^ ^ H''-^{M) ^ H'^-^iM) 



(279) 

We know that the characteristic class "tpiS) : HCn{A) — > HC^'^p{Ti.) vanishes 
on the range of the periodicity map S : HPn+2{A) HCn{A), which corre- 
sponds to the sum of de Rham cohomology groups H'^{M) © H"~^{M) © . . .. 
Hence ipiS) is actually defined on the quotient il"(Af)/Z"(M) for any n < p, 
and vanishes whenever n > p. Moreover, it is not difficult to see that the chain 
map ipifjD) : CC'n{A) CC^'^p{Ti) representing ipiS) (section^) carries D,"A 
to the space of {p — n)-chains over the Hopf algebra C'p_„(?i). Consequently, 
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after composition with ( ^75| ) , the secondary characteristic classes reduce to a 
collection of maps 

il^{£) : n'\M)/Z''{M) iJP-"(LieG) , < n < p . (280) 

We shall interpret them in terms of BRS cohomology jl^, |2^, |2^ . 

Consider the G-principal bundle P — > M, and let g — LieG denote the finite- 
dimensional Lie algebra of the structure group, say of dimension N. The gauge 
group G acts on P by vertical diffeomorphisms commuting with the action of G. 
Denote by {ea}i<a<N a- basis of g. The infinitesimal action of q (from the right) 
on P yields a basis {gq,} of vector fields for each fiber. Any element X G LieG 
is a vertical vector field on P. We can decompose X in the basis {cq}: 

X = X"ea , (281) 

where X" are smooth functions over P. By definition the vector field X pre- 
serves the structure of G-principal bundle, which implies that its Lie braket 
with the vector field corresponding to any A € g vanishes: one has [X, A] = 0. 
Thus if L and i denote the Lie derivative on differential forms and the interior 
product by vector fields, then [Lx,L\] = = [Lx,i\] for any X £ LieG and 
A e 0. We now introduce a BRS differential algebra ||l^. For any n, fc e N, let 
C"'''{P) be the space of /c-cochains over LieG with values on the differential 
forms of degree n on P: 

C"'''{P) = Hom(LieG®^^7"(F)) . (282) 

The Lie derivative Lx turns f2"(P) into a LieG- module for any n. Thus we can 
endow C*'*{P) with the usual Lie algebra coboundary s : C"^''{P) C"^^+^{P) 
which reads 

k 

{sf){Xo,...,Xk) - ^(-)"+'LxJ(^o,...,X„...,Xfc)+ (283) 

1=0 

+ E i-r+''-'fi[X^,X,],Xo,...,X^,...,X„...,Xk) , 

Q<i<j<k 

for any / g C^'^{P) and Xi G Lie G, where the hat " stands for omission. Define 
also the de Rham coboundary d : C"^''{P) G"+i^'=(P): 

{df){X,,...,Xk)=d{f{Xi,...,Xk)) . (284) 

One verifies readily that s"^ = sd + ds = d^ = 0, hence {C*'*{P),d,s) is 
a N X N-graded bicomplex. Moreover it is naturally endowed with a graded 
commutative product: for any / £ C"'''{P) and g £ G" (P), their product 
fg £ C"+"' (P) is 

ifg){Xi,...,Xk+k')^ (285) 



(-) 



kn 



— ^ sign(cr)/(X^(i),...,X^(fc))A5(X^(fc+i),...,X^(fc+fc,)) , 



k\k. 



where Sk+k' is the permutation group of fc -I- fc' elements, d and s are odd 
derivations for the product, hence C*'*{P) is actually a bigraded commutative 
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differential algebra. 

We now define the Cartan operation of the Lie algebra g. The interior product 
ix : C"'''{P) C"-i''=(P) and Lie derivative La = ixd + dix : C"'''{P) 
C"'''(P) associated to a fundamental vector field A e g fulfill the relations 

ixs + six = 0, [Lx,s]^ 0, (286) 

because [Lx,ix] = for any X e LicG. Consider the Lie superalgebra q (g) 
C*'*{P), where C*-*{P) is a graded commutative algebra for the total degree of 
its components. There exists a canonical element oj — Ca uj" G (S) C°'^(P) 
defined by 

uj"{X)^X°', VXeLieG. (287) 

w is the "ghost field" of Yang-Mills theory. On the other hand, any G-connection 
A over the principal bundle P may be viewed as an element A — Ca ® A" G 
(g) C^'°{P), with curvature F ^ dA+ ^[A,A]. Then A and co verifiy the BRS 
relations 

sA = -duj - [A,uj] , suj = --[uj,uj] , (288) 
which imply the so-called horizontality condition 

{d + s){A + uj) + ^[A + uj,A + uj]= F . (289) 

The Cartan operation of g acts on the connection A and the ghost lu as 

ixA^X, LxA^-[\,A], ixio^O, Lxuj ^ ~[X,lu] , (290) 

for any A G g (to be precise, A appears as a vector field over P in the l.h.s. and 
as an element of g (g) 1 C g g) C*'*(P) in the r.h.s.). The bigraded differential 
algebra C*'*(P) endowed with the Cartan operation and total connection A + uj 
defines a BRS g- operation according to the terminology of | p9[ . 
The subalgebra of g-basic elements / e C*'*(P), defined by ixf = = Lxf 
for any A € g, is obviously stable by both d and s, whence a bicomplcx. Since 
we assume that G is connected, the g-basic subalgebra identifies clearly with 
the bicomplex of Lie G cochains with values in the trivial module of differential 
forms over the base manifold M : 

C".k(^M) = Hom(LieG^^^^"(M)) . (291) 

We call C*'*(P) and C*^*(A/) the BRS differential algebras of P and M respec- 
tively. 

We are ready to introduce BRS cohomology, or cohomology "s modulo d" . 
Since d anticommutes with s, the subspace dC*'*{P) is stable by s. By defini- 
tion, the cohomology of the quotient complex {C*'*{P)/dC*-*{P), s) is the BRS 
cohomology of P. Hence a cocycle s mod d of bidegree {n, k) is represented by 
an element £ C"''=(P) such that there exists cj"-i''=+i e ^ith 
the relation 

st^"''=-Hdtj"-i''''+i = . (292) 

Two cocycles w"''^ and w'"''^' are cohomologous iff there exist two elements u)^'^^^ 
and such that 

jn,k _ ^n,k ^ g^n,k-l _^ (293) 
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Wc denote by H'^'''{P,s mod d) the BRS cohomology of bidegree {n,k). The 
BRS cohomology H"'''{M,s mod d) of the base manifold M is defined in a 
similar way (note that the principal bundle P enters indirectly in the definition 
of the BRS cohomology of M through the gauge group G) . 
One sees that the definition of the cohomology s mod d of M is somewhat 
reminiscent to the non-periodic cyclic homology of .4 = C°°(M). In fact there 
is a well-defined pairing between the negative cyclic homology of A and the BRS 
cohomology of M, with values in the Lie algebra cohomology of G with trivial 
coefficients. By composition with the Chern character on algebraic i^-theory, 
we deduce the following 

Lemma 6.1 Let M be an oriented compact smooth manifold without boundary, 

of dimension p, G a connected Lie group and P > M a G-principal bundle. 

Let G denote the gauge group of P. Then for any pair of integers (n, k), with 
< n < p, there is a well-defi/ned pairing between the algebraic K-theory of 
A = C°°{M) and the BRS cohomology ofM, 

Kn{A) X iff-"''=(M, s mod d) H''{UeG) . (294) 

For any x £ Kn{A) and a BRS cohomology class represented by a cocycle wP""'*^, 
the pairing reads 

(a;, = / ch" (a;) A , (295) 

Jm 

where ch~ : Kn[A) HG~{A) is the negative Chern character composed with 
the projection HO' (A) Z"-{M). 

Proof: By taking the component of the negative Chern character ch~(a;) in 
the space of de Rham cocyclcs Z"{M), wc only have to show that the pairing 
Z"(M) X HP-'''''{M,s mod d) ff'=(LieG) given by 

Jm 

is well-defined. First of all, ujP~"''' is a cochain over Lie G with coefficients in the 
trivial module of differential forms over M, so that the above integral defines 
a cochain over LieG with coefficients in C. Since tjP""'*^ is a cocycle s mod d, 
there is a cochain such that scj^^"''^ + dujP~'^~^'''+^ = 0. Hence 

S [ ZnA Cjf-"'*^ = (-)f-" [ ZnA SW^""'*^ = {-f [ dZn A coP-"-^'''+^ = , 

Jm Jm Jm 

because Zn is a cocycle. Moreover, if ti;'P-">'= is cohomologous to o;?'""''^, there 
exists and a;P-"-i''= such that 

and one has 

[ ZnA io'P-'^^^ = f ZnA LjP'"-'' + (-)f-"s / Z„ A wP""'*^"! , 

Jm Jm Jm 

where the last term is a coboundary over LieG with trivial coeflicients. ■ 
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Let A S g (g) C^''^{P) be a G-connection on P. We are interested in the (Z2- 
graded) Lie subalgebra of g(X)C*'*(P) generated by A, dA, u, duj, or equivalently 
by A, F, uj, sA. This Lie subalgebra is stable by s and d. Let g* be the 
dual space of g, S'^g* the space of symmetric polynomials over g of degree n, 
and Igis) C S'^Q* the subspace of invariant symmetric polynomials. Hence 
/ € Ig(g) if and only if 

n 

/(Ai, . . . , A„) = /(A^(i), . . . , A^(„)) and ^ /(Ai, . . . , [A, Ai], . . . , A„) = , 

(296) 

for any A, Ai G g and any permutation cr of n elements. Since one has Lxx = 
[—A, x] for any x in the Lie subalgebra generated by A, w, sA^ one de- 
duces that I{xi, ■ ■ ■ , Xn) is a g-invariant element of C*'*{P) for any such x^'s, 
i.e. L\I{xi, ■ ■ ■ , Xn) — 0. Moreover, since i\F = i\u> = i\sA — 0, one has 
i\I{XiT ■ ■ ■ iXn) — whenever the x^'s are generated by F, uj, sA alone, in 
which case /(xi, ■ • ■ , Xn) is g-basic and defines an element of C*'*{M). There is 
a way of constructing BRS cocycles over P and M from the space of invariant 
symmetric polynomials Is(g). The process is a generalization of the antitrans- 
gression map in ordinary Chern-Weil theory. This is provided by the consistent 
and covariant BRS descent equations. 

Let / € 25(g) be an invariant symmetric polynomial of degree n, and A a 
G-connection on P. On the tensor product of graded differential algebras 
C*'*{P) (g) f2[0, 1], we consider the following connection (not a principal bun- 
dle connection): 

V = s + d + dt+t{A + uj) , (297) 

where d is the differential over P and dt the differential over the interval [0, 1]. 
Thus V interpolates between the BRS connection s + d + A + u! for t — 1 an d 
the flat connection s -I- d on C*'*{P) for t = 0. Using the BRS relations ( ^88| ) , 
one computes the curvature: 

= dt{A + uj) + [t^ - t){uj'^ + [A, uj]) + tdA + t^A^ . (298) 

Thus for t = 0, one has = dt{A + w), and for t = 1, = dt{A + uj)+ F. 
The BRS cochain /(V^, . . . , V^) may be expanded in powers of dt: 

. . . , V2) = 4Vs(^, ^) + dtll,,,{A, ^) , (299) 

and the BRS transgression is defined to be 

Q,ons{A,oj)^ [ dtll^^,{A,oj) . (300) 

As usual, the Bianchi identity [V, V^] ~ implies 

{s + d + dt)I{V\....y^)^Q , {s + d){dtll,J+dJl^^^{) . (301) 
Therefore 

{s + d)Qcons(A, ^) = dt{s + d)/i_ = = /(i^, • • • , F) (302) 

Jo Jo 
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because /conslt=i — ^i^T ■ ■ j P) -^conslt=o = 0. Expanding the cochain 
<3cons(^)'^) G C*'*(P) in bidegrees, one obtains the consistent BRS descent 
equations for the polynomial / € ^sio)- 

I{F,...,F) = dQl^-''° 

= C^Qcons ' "I" '^Qcons 

= dQi:-^''+sQi:-''^ 



: (303) 

u — ^^fcons 

This shows that Qcons*^"^'*^ defines a cocycle s mod d on the principal bundle 
P for any k > 0. Another related construction is the set of covariant descent 
equations. The latter is obtained by a modification of the preceding connection 
and yields cocycles s mod d on the base manifold M. Given / € ^si^) ^^'^ ^ ^" 
connection A on P, we form the following connection acting on C*'*(P) (S)f2[0, 1]: 

^ = s + d + dt+A + t(j, (304) 

with curvature 

S/'^ = dtuj + F+{l-t)sA+{t^ -t)uj'^ . (305) 

One sees that involves only the horizontal and equivariant cochains x = 

uj, F, sA, u? , that is, i\x = and L\x = —[A, x] for any A G g. Thus /(V^, . . . , V^) 
is a 0-basic element of C*'*(P), hence in C*'*(M). One expands it in powers of 
dt: 

7(V^ . . . , V^) = ^) + rfi/cov(^, ^) , (306) 

and the covariant transgression Qcov € C*'*(M) is given by 



1,0;) = [\ 
Jo 



<3cov(^,w) = / dtlUA,^) . (307) 

The Bianchi identity implies 

(s + d)Qcov(A, w) = dA, w)|t=i - 70„,(A, w)|t=o (308) 

= 7(P,...,F)-7(P + sA---,f' + s^) • 

One sees that the component Q'^"~^''^{A,u}) vanishes because the term propor- 
tional to dt in the curvature is dtco, hence I*^^{A, uj) contains at least one power 
of u. Therefore, the expansion of Qcov{A,uj) in bidegrees yields the covariant 
descent equations 



CilisA,F,...,F) = dQ\ 



2n-2.1 



cov 



-Cll{sA,sA,F,...,F) = dQl:-^'-" + sQl^-^'^ 



-CZI{sA,...,sA) = dQ:-^'" + sQ-'"- 



COV 



= dQ:-''-+' + sQ:-''- (309) 



= dQ°i^"-i + sg^i 
= 
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where = nl/kl{n — k)l arc combinatorial constants. Hence we find that 
the component Qcov"'^"^''^ ^ C^n-fc-i.fe^j^^) jg g, cocycle s mod d only for k > 
n. In fact, in appropriate degrees the BRS cohomology classes of Qcons and 
Qcov arc independent of the choice of connection A over P, and coincide in 
iJ*'*(P,s mod d): 

Q 

Proposition 6.2 Let P — > M he a G-principal bundle over M , and A be 
a G-connection on P. Let L e ^sio) invariant symmetric polynomial 

over the Lie algebra g = LieG, and denote by (3cons(^5w) e C*'*{P) and 
Qcov{A,Lo) e C*'*(M) the consistent and covariant BRS transgressions of I. 

Then 

i) The class of the consistent term Q'^"^J'^^'''{A,oj) in the BRS cohomology 
jj2n-k-i,k^p^g mod d) is independent of the choice of connection A for any 
k>l. 

a) The class of the covariant term Q^'^~'^~^'''{A,uj) in the BRS cohomology 
^2n-fe-i,fe^^^ s mod d) is independent of A for any k>n. 

Hi) The image of Ql^~''~^'''{A,uj) in H'^"~'^~^'''{P, s mod d) coincides with the 
BRS cohomology class of Ql'^~J^~^''' {A, cj) for any k> n. 

Proof: This is proved as usual with a two-parameter transgression of I: 

i) Consider a smooth family of G-connections A^ on P parametrized by w G 
[0, 1]. Let t € [0, 1] be another parameter. Then we modify the construction of 
<3cons with the following connection 

S/ = s + d + dt + du+ t{Au + w) , 

whose curvature reads 

= dt{A + uj) + tduAu + {t^ - t){Lu^ + [A, lo]) + tdA + t^A^ . 
We develop the polynomial . . . , V^) in powers of dt, du: 

J(V^ . . . , V^) = /° + dtl^ + du/" + dt dul'^" , 
and the Bianchi identity restricted to the dt du component yields 

(s + d)dtdul*''' + (it(du7") + rf„(di7*) = . 
After integration of t, u over [0, 1] , one has 

{s + d)X+ [ = 1) - /"(t = 0)) = /" dt{l\u = 1) - I\u = 0)) , 

Jo Jo 

where A is the integration of dtduP'^. The right hand side is the difference 
Qcons{u = 1) — Qcons{u = 0). The sccond term of the left hand side does not 
contain any ghost u), because the pullback of on the submanifolds t = 1 
and t = yield respectively duAu + F and 0. Hence Ql^^J'^^''^{u = 1) — 
Qcons''~^''^(" = 0) is a coboundary s mod d on P whenever A; > 1. 

ii) One proceeds as in case i), with the connection 

\j = s + d + dt+du+ Au+tuj 
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and curvature 

= dtij + duAu + F+{1- t)sA + {t^ - t)uj'^ . 

All the terms in are horizontal forms on P (because the variation duAu is 
horizontal) and equivariant for the right action of G, hence in what follows all 
the differential forms are in fact basic, hence defined on M . One has as in i) 

{s + d)X'+[ du{r{t=l)-r{t = 0))= [ dt{P{u=l)- P{u = 0)) , 
Jo Jo 

the r.h.s. being the difference Qcov{u = 1) — Qcov{u = 0). The second term of 
the l.h.s. is zero whenever the ghost number is > n, because the bullbacks of the 
curvature for f = 1 and t = yield respectively rf„A„ + F and dy,Au + F+sA. 
Hence Ql'^~''~^'''{u = 1) - Ql^^^''~^'''{u = 0) is a coboundary s mod on M 
whenever k >n. 

iii) Now A is fixed and we use the connection 

T7 = s + d + dt+du + u{A + tu) . 

Of course the curvature is no longer horizontal and we work on P. Prom the 
expansion /(V^, . . . , V^) = /° + dtP + dul" + dt duP^", we identify 

Qcons = / dur{t = 1) , Qcov = / dtP{u = 1) . 

Jo Jo 
The Bianchi identity and the fact that dtP (u = 0) = imply 

Qcov - Qcons = -(s + d)X" + I dur{t = 0) . 

Jo 

But the buUback of the curvature for t = is u{s + d)A + u^A^ + duA, hence 
the second term of the r.h.s. vanishes when the ghost number is > n. ■ 

Let now A = C°°{M) be the Frechet algebra of smooth functions on M, 
and fix a connection A on P. We return to the situation considered before 
and let £ = {A,Sj,Da) be the Dirac spectral triple associated to the twisted 
Dirac operator Da- £ is p+-summable if p is the dimension of M, and is TC- 
equivariant for the Hopf algebra H = W(LieG). The secondary characteristic 
classes 'ip{£) : r2"(M)/Z"(M) iJP-"(LieG) can be computed in terms of the 
BRS algebra C*'*(M): 

Proposition 6.3 Let M be a smooth compact riemannian spin manifold of 
dimension p, oriented by its spin structure, and A = C°°{M). Let G be a 

compact connected Lie group unitarily represented in a vector space V, and 

g = LieG. Let P — > M be a G-principal bundle over M, and E = P xqV the 
hermitian vector bundle associated to the representation V. We denote by G the 
gauge group of P, and £ = (A, Sj, Da) the p+-summable <G- equivariant Dirac 
spectral triple associated to E and a choice of G-connection A on P. Then 
the secondary characteristic classes ip{£) : n"(M)/Z"(M) FP-"(LieG), 
< n < p, are represented by the following maps: 

0"(M) 5 — ^ / w„ ATV(e-«^) e Gf-"(LieG) , (310) 
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where sA G g (8" C^'^{P) is the BRS variation of A and Tr is the trace of 
endomorphisms of E. Remark that the differential form Tr(exp(— sv4)) is g- 
hasic, hence defined on M . 

Proof: This is a direct but lengthy computation of the relevant components of 
the chain map ^{p,Da) — Pf xiPitDA) discussed in section |5[ One uses well- 
known asymptotic expansions of the heat kernel exp(— t^D^). This is not too 
difficult since M is a smooth manifold, and only few terms remain after taking 
the limit i — > 0. We don't give the details here. ■ 

Remark 6.4 Observe that the Dirac ^-genus familiar to topology does not 
appear in the above formula. This is due to the truncature of the chain map 
ip{p, Da) used to exhibit the secondary characteristic classes. In some sense, the 
topological content of {A,Sj,Da) is dropped, and only the BRS part is keeped 
intact. By the way, this also shows the independence of with respect to 
the metric on M. 



In order to show that the map (BIO) is well-defined in cohomology, we use 



the set of covariant descent equations associated to the invariant symmetric 
polynomial / £ ^^^"(g): 

I{Xi,...,Xp^n) = j^p—y (^-:^Tr(A^(i)...A<,(p„„)) , (311) 

for any G g, where Sp^n is the permutation group of p — n elements. Indeed 
the g-basic differential form 

I{sA, ...,sA) = TviisAr-") (312) 

is, up to a sign, the component of Tr(cxp(— sv4)) entering in formula ( |310| ). Then 
from the covariant descent equations, there exists BRS cochains Qp^J^^^"'{A, lu) 
and QP-J'^'P-'''-^{A,uj) such that 

- I{sA, ...,sA)= dQP-:^-'^P-'\A,uj) + sQP-:^^P—\A,uj) . (313) 

Therefore, the image of a n-form w„ G i7"(A'/) under is represented in the 
cohomology _ffP~"(LieG) by 

f uj,,Al{sA...,sA)^-t)l^ f d^„AQ?~,"-i'^'-"(A^). (314) 

Hence ■4'{£) vanishes on Z'^{A4) and factors through the boundary map d : 
^2"(M)/Z"(M) B"+^{M) C iJC,7+i(yl). This combined with the commuta- 
tivity of the diagram relating the long exact sequences of iiT-theory and cyclic 
homology 

KU^) K^niM) ^n+l(-4) KZiA) if-'(^) 



'-"- + 1 



(315) 
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shows that the composite map 



K'ntiiA) -^-^ HCn{A) i/P-"(LieG) (316) 

factors through the image of the homomorphism K^^^^{A) —> Kn+i{A), or 
equivalently by exactness, the kernel K!^i^i ~ Kei{Kn+i{A) kI^_^i{A)): 

K+M) B"+i(M) ^^fe i/P-"(Lic(G) . (317) 



Lemma 3.1 shows that this map amounts to compute the pairing between the 
kernel iCfi(^) C Kn+i{A) and the class of Qp~J'-^^p-'''{A,uj) in the BRS 
cohomology HP~"~^'P-"{M, s mod d). 

It is instructive to determine the image of the negative Chern character ch~ : 
K^^^iA) B"{M). For n = 1, the homomorphism Ki{A) kI°'P{A) is 
clearly surjective. From Milnor ||3^, one knows that the algebraic Ki of any 
commutative (unital) Banach algebra A is given by the direct sum 

ii'i(A) = ®7ro(5L(A)) (318) 

of the abelian multiplicative group A^ of invertible elements of A, and the 
homotopy group ttq of the invertible matrices over A with determinant 1. This 
is true in particular for the Banach algebra of continuous functions over M. On 
the other hand, the topological i^T-theory group of A is by definition KI°^{A) = 
ttq{GL{A)), hence we deduce that the kernel of the homomorphism i^i(A) 
KI°^{A) is isomorphic to the quotient of abelian groups 

i^fg(A) = AV^o(A^) . (319) 

By the latter equality is true also for the dense Frechet algebra A = 

C°°{M) C A, thus K'^^iA) is the connected component of 1 in the abelian 
group .4^. The negative Chern character chj^ : Kf^{A) B^{M) is described 
as follows. An element g g K'^^^{A) is a complex- valued invertible function over 
M homotopic to the constant function 1, hence it has a logarithm log g. As an el- 
ement ofKi{A), its Chern character in HC^iA) = Z^{M)®H^{M)®H^{M) . . . 
is [|7| 

_fc!_ 

{2k + l)V 



chr(g) = g-^dg + J2{-) \,,^ ^,, g~'dgidg-'dg)^ , (320) 



fc>i 

and since g has a logarithm, the components in de Rham cohomology vanish, 
hence 

chj"(.g) = g-^dg = dlog.g G B\M) . (321) 

This shows that the Chern character ch^ : Kf^{A) B^{M) is surjective. By 
a cup-product argument in algebraic if-theory and cyclic homology p7| , one 
shows more generally that the image of the abelian group K^^^{A) under ch~ 
is a dense subset of the locally convex space B"{M). For example when n = 2, 
there is a graded commutative cup-product |^ 

U : KiiA) X Ki{A) K2{A) , (322) 
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which carries two invertible elements x,y G to their image x U y — ~y U x 
(Steinberg symbol). If x and y are homotopic to 1, the cup-product of their 
Chern characters in cyclic homology is given by 

ch^{xUy) = d{\ogxd\ogy) e B^{M) , (323) 

which shows that the image of K2^^{A) spans a dense additive group in B'^{M). 
Hence, for any n > the pairing between K!^^f^{A) and the BRS cohomology 
class of the covariant term Qp~J^~-^'P^"{A,uj) is optimal. We introduce the 
following 

Definition 6.5 Let M be a smooth compact manifold, G a compact connected 

Lie group and P > M a G-principal bundle over M . We consider that G is 

unitarily represented in a vector space V , and let E ^ M be the associated vector 
bundle. For any n > 0, let Ly d ^sis) invariant symmetric polynomial 

over Q = LieG corresponding to the degree n of the development o/Trexp(A), 
for A € represented in V . The Chern character of E in the BRS cohomology 
of bidegree (2n — fc — 1, A;), for any k> n, is the class 

ci,^n-k-hk^^^ = [Ql^^-''-^^''{A,iu)] G H^''-''-^'''{M,s mod d) (324) 

associated to the covariant transgression of the invariant polynomial Ly , for any 
choice of G- connection A on P. 

Then collecting all the results of this section together, we relate the pairing of 



theorem 5.4 with BRS cohomology in the case A — G°°{M): 



Theorem 6.6 Let M be a smooth compact riemannian spin manifold of dimen- 
sion p, oriented by its spin structure, and A ~ G°°{M). Let G be a compact 

connected Lie group unitarily represented in a vector space V, P — > M a 
G-principal bundle over M , and E — P Xq V the hermitian vector bundle as- 
sociated to the representation V. We denote by G the gauge group of P, and 
£ = {A,Sj,Da) the p+-summable G-equivariant Dirac spectral triple asso ciat ed 
to E and a choice of G- connection A on P. Then the pairing of theorem \5.4 

K^^fM) X Ep (^, C) ^ i/P-"(LieG) , 0<n<p, (325) 

between a K -theory class x £ K'^^f-j^{A) and the Dirac spectral triple is given by 

where ch*'*{E) G H*'*{M,s mod d) is the Chern character of E in BRS coho- 
mology. This pairing does not depend on the connection A nor on the metric 
on M (homotopy invariance for the Dirac operator). u 

Remark 6.7 The image of algebraic i^'-theory under the Chern character ch~ : 
K'^^{A) B"{M) acts as test functions for the BRS cohomology class of E. 
This allows to reconstruct the class s mod d of ch{E) locally on the manifold 
M. The process is independent of the topology of M, which is dropped by 
restriction to the kernel of the honiomorphism Kn{A) KI^p{A). 
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When the dimension of M is even, the BRS descent equations giving rise to 
the representatives Qll!;~'^~^'^{A,uj), k > n, of the Chern character ch{E), also 
contain the chiral anomaly and Schwinger term of quantum Yang-Mills theory 
[ p8[ . For example when M has dimension p — 2, one gets characteristic maps 
for Kf'^iA) and K^^^iA) only. In the first case, the covariant descent equations 
correspond to the invariant polynomial /(Ai, A2) = iTr(AiA2 + A2A1): 

-Tt{sAF) ^ dTr{ujF) = 
-^Tt{sAsA) = dTii^ivsA) + sTt{ujF) (327) 

= dTr(— cj^) + sTii-ivsA) 

= sTr(-ic^3) ^ 
6 

where Qcov = Tr(wF) is the covariant anomaly, Qj^v — Ti{^ujsA) is the covari- 
ant Schwinger term, and Q^^v = Tr(^cj'^) is the Maurer-Cartan cocycle. The 
pairing with a class [g] G K'^^^{A) involves the Schwinger term: 

([<?],£) f d(logff) A Tr(ic.sA) . (328) 

27ri J]^j 2 

This amounts to integrate the Schwinger term on all contractible loops — > 
M (boundary term). In the second case K2^^{A), the invariant polynomial is 
/(A) = TrA: 

- Tt{sA) = dTruj 

= sTrcj . (329) 

Hence Q^ov = Tro;, and the pairing with a Steinberg symbol x U y € K2^^{A) 
reads 

{xUy,£) = —[ x^^dx Ay-^dyTiuj . (330) 

When M has higher (even) dimension p, the algebraic ii'-theory of middle di- 
mension K^^^^^i^) pairs with the covariant term 

[gP/2.p/2+i (^^ w)] e HP^^'P/^+^ (Af , s mod d) . (331) 

By proposition |6.2| , the image of g?^v'^^^^^(A, uj) in the BRS cohomology of P 
corresponds to the consistent term 

IQ^dlf^^^HA^)] e HP/^'P/^+\P,s mod d) . (332) 

It follows that the pairing with algebraic iiT-theory detects also the homological 
information contained in the consistent anomaly and Schwinger term 

[QP^L{A, uj)] e HP^\P, s mod d) , [QP-^'\A, lo)] G RP-^'^iP, s mod d) 

(333) 

transiting through the consistent descent equations ( |303| ) until the position of 

^p/2,p/2+l 
^;cons 

Exercise 6.8 Compute and interpret the secondary characteristic classes as- 
sociated to non-commutative examples of equivariant spectral triples as stated 
at the beginning of this section. 
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